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-Unit dd o Vector Q{)ﬂ(‘@ :

Def" of vector Space ond.simple exnmplp

L2l M e In any vector .space WN(E) the Follmuing
results  haold 1SV
1) 0-¢ =0 Dot = (bt [ o SRPAR: 14
o) X = = () = L (=),

) («(=B)® = «x =Bx%

131 Def” of . subspace ._

1.4l Th™ = A ‘necessary .and sufficient candition for
a non-empty isubset .of a . vector space V(F)
to _be a subspace  is that w.is' closed under
additien © _and . scalar multi plication |

LS THh™ - A non-empty o _

labfEe s izl ol subsjoaceﬁ of v iff x4+ By e w
for L. peF . oy €W |

VEl -Def D ofc sumi of .Subspaces. , —divect isum
'qu_o-l:ipnt Space . hommnrphf§m af © vector space
and pxamPleS ( ,

L7 Th™ - Under a hnmomorphiqm TavyY.—tal
V1) T(0) 30 i) T (==) = =T ()

-8/l Def” ' of  Kernel and rang e of hnmomorph;‘_cm

(.9 VI . . Yol F T 2oViewnl) be a hornama[P_bi&m_-ih_en,
Kexy T is- a ;5uh-sgaoce ot W 0.3/

1ol Th™ - let T: V= U . be homo merphism_then
KexT = {o} iff T is . one 4o One

LWl Th™ - let T: v- () be Q |linear trans faimation (L’
then 1ange of I-Thovix @ Subspace afl .S

L2 Th™ - let W bhe Subslaace of v _then their
exist ‘an! onte Jinear “transformation @ : v— Vi
such that = Ker® = w : ' '

1-13]| Def" " of  lineax span

- X - — ~ - == - I T




‘Jj 1Jate:

- . - T T I =

1-14

Th™ - 1(S) is  the swmallest SubSPQOQ. aof

Conftaining oS ¥ ' 3

15 |

dhPadt- I€3 1. ibspace e hen.

|- 16

and mnvoml)f

Dpfn of finite d:m@n’imna) vector: S]D{ICQ
(F-D. V-S.) 5 lineay . o!@npn_ol@ncsb and- independenc

basis of vector Daro “ and ‘ngmples

[-17

™ =36 S=3vu vﬁ B ] N, Prais 8 hasis of

V then 9\191%’1, element-. of V can ‘be

QXQYQSSQA : um‘g\uol\{ asiua hr;pqr (‘nmbmaﬁo
G? V ) Vi \Jn A P \{n

118

i~

& 7 - .
Th™ = ?uPPOQé- {1350y 1S ¥ e ante SUBS.PQ_CQ of vecint

GPQee TV such that . V=1 (s). then their

1-19

exrst Q) - Su.bse‘t - of S _which s o hasis of ¥
Def" of F-D WS- ‘ :

120

T~ 1o aidsipa :F D-V..S- and gvé,va;"“v"r}r’

Sisav o ’-linem'l.\!; :nnh:mmm:lemL s hset o

then 1+ can be QX'I:anJpcl +n -me “a_basis
of~ VAL ' -‘

-2

Th™ -3f  dim V=n ono\ 5 §v Ao T iV

-slr)onq ¥ _fhon~r S.ois oo hasis . of "\

122

Th™ = If dim V=0 ‘and S={Vi v, .~ Vad

s a  lineatly mdppendon}_ .c;uh.gpi' of . Vv

then S-is @a basis’ of Y

Unit 2 - Tnney. . Product = Spaces

2.1

Def” of .inney product i~ gpace., horm of a

yerdor  ond - ox Qm{)\e ]

9-2::

Th™ = Couch\,:. -“S{l’)hlﬂf? inpaual"}}z : _
(et v bhe an __ (nney -~ oma{cmf J‘D(ICP therl

[Cuvy | < Hulinvll paokl, Ve \/

- = o — =
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Th™ - T'nnnnle Ineoua\r}u

let V h

of JJusv] £ lngL d lovdl vt G0 v e\!

| B NI Pa.m-l\plogvam.-, chaw
gt GOV v ool ] |

fladkv )2y pu-v®t =t (panZ ey vz ¥ g vEY

Def” of .,01+Pm\c]1r‘>r)ol vectors . gnd orthenormal
sets ‘

R -

vectors in-an. inney Dmduct space v then § ig

o linea'fl\,: Innlerr)endpnf Space

Gram.= schmidt . arthogenalizalion ' Space_.
Th™M- let WV be a‘ non-trivial innex .p]'oduci

| space . of . dimensian . then Y hag "an orthonom
basgi s '

exa mPIQS Q

WA W . R Y i Ll \ L d kil -

Unit 3 - |ineay Transfarmation

Def D of (LuT. o) Yank and ‘nullity ' and examples

B ;LU STVRRY . R W Y 1107 fe B VA iS one-ts -pne iff T:S
alonia— ! | W] "

Th™ - let V. _and W he two veector .‘qgamc avey F
Al ler o v, w00 Ve dvbe o basis© of 11V and

_dy Jud, (T2 J B i bo any vectors in. W (not

& 7

9&5@10{1'61]»}: oh.shnc*’r) then their exict  a umauQ}_T

T oo Wei stiehedthabom (Vo =We J3Ei(di.. . n

Th™ - Sylvester’s | aw

aSuppose iV _and w-are  (FDV-S Caver a4 field F
let T: V=W, he.la 1.T. then lyank TtnaullityTsdim)

T af TFeoVangsder - a8 T 38h&LS thm the

L -Foltoming L statements axye eom valent

— T T T T < x T — X X . o X x X
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1) T('lncx(-LT 1 Ker T = 3ok

u\'_['fT(TCVD conk O then oo TeN) = Q ) vEV

3.6

Def"™ of -sSum and praduct of L.T! | lineay

operator | linear -ﬂmnﬁnna‘ cmcl chnmpl\cg'

31

Thm <olet T-} T, xLgwches llne_a_z | o}{)era,tnns‘

on v oand (Lot T: Vesyv el the idend

'mnPDing T LAY = - then -

D" FITIELTE ==iT

i3 Tl T Tpd 5o ATs Tl ode AT 40T =THT L

i) o (TTs) = (X TedTgvo= TioenTp ) v € F
g T 6T, T ) ¥ 600D T,
L g ) | :

Def" of invertible I T. ‘and examples

FTh™ = A LT T Ve W Sis o _non -singula

ff T ‘cavries: each 1. T. . subset of \\JJ’ ontn

- LT, subset of W

3:10

Th™ - let T: Vow be a L.T. {Dher_e__\/-

W arye F-D.V.S. with same dimencsgion The
tho Follomin_c} aye equivalon't.

D) T is nvertible . §iy T (s non 's_ingu\ay.,
L) T 1s anto : :

Th™ - Jet T:voW and S: W— - he twod
T, =hen ' ’

.

" 1f-- S and T are . one —one - onto | then
- - - = "1 -~
ST is one —ane ~onts & ( ST) - Y :

=~

A 1€ ST is' pne+foné. . then T.U¢ -on€-one

i) L IE - Sk isy vantais dthendsgs 1S onto

3.12

3021

2.13

Def”™  of ‘matrix. af sk and -e_xamplejg*

3.13.1

_De€™ of = dual Space 2 < ; .
Th™ 2 lek V be n dimensional vectoy sp

T X T - ; -
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over a field F  then the dimension of duyal

Space of V. __oavey F s D
Unit 4 El'gen values  and Efgen vectors
Def"” of eigen values = eigen vectorg e.igen

SPGCQ

Lok A cobe o square matrix of order n £ A

ist  aan gigen value of A +then the sget of all

eigen vectorS of A correspondm% ta X A

-l;nSpthpr w th vector foime a subx‘[gorp ol
N - dimensianal um'tof}/ space

WM cE et - AX bt a square matrix of ordern
hm[‘qu K distine} efgpn values A, . Ay
et N, _Becaimo  ob _

+ho oigen value Aj Tt B S +hen _ the sel
{ Mg Lnitatunicilge } 1S Jinpcul}/ Inr_;JQPer)chnf} ’

TP c Lot A o o Square  matrix  of ovder D

having n distinct e%:pn values ), S Ae, -Aﬁ .

let v; be an eigen Vector corresponding 1o
the PfSPn value Xx;  i=1,2,.. n +he the ged

(ol i L LRINSNC ) bage  {for the_domaiaJpaét
Of aA. The matrix of the |inear transformatio

w.y.tk. the pbasits

_)‘1 O ®) . O-‘
O+ he o o) }
S Ra; Agt .clesedy |
Sl ies has

J

ExamTﬁles on aPPlicajfor{ 'o(’ 4 -4
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Vector Spaces f:J—]—u ™

Def ? — Vector Space
Vet s uche ~ ain

7199 a._ .;fie.k-cl._l Define "a function Cscalcu

multiplication ) * ‘F XV — V Such that for

all e o veV v x.v. €V “then V is gaid
to Aform o wvector :space  over f if for all

D (x+BIX = o(:c 1-59:

2) ()(+y) = Ax + o<y

3) (xBpl)x = «x (Bx) = B(xx)

4) - 2 S S o . l2as u_nity tc@df  Byc

It is dena_{:ed b}; Y(F)

Note — @ : 4" S8

Membe'rs oF F Qye rqlled_smlais__aild_‘tbnSLof_k

are . called - vectors

Examples ~ Saad | :
R(R) , ¢(CR) , C(c) aie vector Space. But

R(€) is not "a  vector Space.
since { [

fox .9 €R. 9431 €C

(2+43i)-2 = 4+&i &R

R is not closed w.rt- scalar multiplication

R

f"'\

) . Is. snet’ ta s vedtar space

I
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let {F + +> bo a field. let ¥

2)
V= { ot ely) [ty oty €F} = FXFompT0
Define. "+ and!* (scalar mul_HPh‘cah‘nn) by
g del2) HolBocby) o= (et B, ﬁ.‘rd’z‘.;"l—.ﬁav)
Ry _("‘i X2 ) .= (X, ", Ao ) then v _is
vector - Space - gver £ :
>l let <(F.+.,*> be q field

‘L

ok V= (o, o) [ o, €F] =FXF =F

Prove that <V 4> is! an abelian . gvoup.

D Llet (e, Bl .)& Cﬁ!iﬁz,) eV

fot, 5ol Y-l B o) = (4, +B, % tB,)EV

» let u=Gh,o) , V= (8,5 . _-t-Dﬂ_=Ual;*’if‘) €V
U+ (Viw) = (X)) + (B . 8) + (A o)) b
o C_ol_l,l.,o(z)__'%__((ﬁ,j /0.7 (Bt ¥e) )
=(«+ (B +7,) , ém (5, + %)) E
” ((x,ﬁi,)%)’, -, 60(2,1"_3:7_).‘4—}7-2)
', % (e T8 ;0 X2tBy ):+-( ?, i
= (u+v )+w j:

i
JHr_




S ;
Uu+0 =U = D+ U
0= (0,0) |s" a zevag'vector in Y.

4) For  U=Ct, k2 )eVtheiy “exist -U =(u, ,~d)EV
such that _ i R
U+ (Ul =9 = (=4)+ \
. _inverse exist.

5) \;”o‘f_.u-:ﬁco(,,dz.) qn.cf Cﬁ'”32) GV-
wrvn (aodal¥ (fif)

1

(o, t8, 5 X21B; )

1l

(B = 5 Byt )

= CB‘.,Bz_)f*‘C%)O(z)
= Vgl o, 5 - G &V

V4D IS an__abelian gLOUP

§)SinCe U = (o, s0f,) €Vi + ,XEF
- ot a8 ol golp )
=(Xety , Aoty € V

V is closed w-vt  scalar multfph‘catfon.

2y, Legpsots BEF ., W= («,,%2) €V
(+B) U = (¢ +B) (ot ;o)

= ((«(+B) o, , (4B o ) DPef"of Scalar
N 577 4 m(_fl-h'P”Ca_-!-fgn_'

— = T m— e ——

T2 > e ——
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{ < £k 2 ) =4 N4 = = '~§$
—~ (o(acl + ﬁo(i - °<0(‘2_ ""60(7_ ) . ‘ch'S'h'l ah

la w

i A . -~ i - .V'. i i- h
=4 (q“(a : :?(""7_;) 3 (\g"(x +__33‘!\’2:} ._.Def

—
—

- X (ol s ) * Bt ,¥2)

o<u+gu

g8)

o{{x-)-\/)—o(oc-f-o(y
LeL— o(eF

’ ‘(°(l)°(’2_) V’Cﬁnaﬁl) GV

A (}H’V B 0(4((°h 10(7-) + CB) JB'L) )

1)

! (_dlﬂ'ﬁp s Q(?.‘-!B,zg) o

|\

(o (i T B, Do o4 (obp 185 ))

= (°(°<1_ A LBy

. °<°(2 A B, ):

(et o<é?o, ) + (= Bl‘ , &_BL)

—o<<o<.,o<7,> v« (B, BJ

= + V-

9)

(B Y= U-SJ()

let o, B ef Con,o!z)ev ‘

(°<,B5 ‘u (dB) (o( +o(z)

‘ L 1
((o(B )o«, " (oe;s_ Doty ) 1+ 3
L i W / ad # Nk \.\
= CCP™ 277
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—y— T T . = - — ve - - v = T m - < = Y - —g——

= (B.‘.’“: b .B« oz )

al

1

O(/QIQ‘J_}‘LJ)”

«QBU)

| 10) B L SR 4

u= (_“°(» ).0(2 ) ev.

= (-o(l ro-('?..)

-—
—
.

Note -

In _qgeneval we  can take n- mplbs

J = | | | =
V= F7= d(hiay . L ofy) fetlelaiE: ileln EF |

Define .~ + and + . aAS

U+v = (d,,dg,----o(n)‘f' (B}|5B2""‘. ﬁf))

(o4, | sty 36, - i TWE ol Y
g UaE  r e g, i iy )
= (O(Oﬁ ,0("(’1)-— °<°(n)

then V js a vectoy Space aver. F  w.r-t. usual

vectoy  addition  and ccala'r mults plication

D Check ~ whether RCQ) and @ (R) ‘are Vectéy space
oYy _npot - ] ' ] 1

— R(A&) is a vector s}odcé-,l."

Q(R) IS nat o uectoy.s.Pacp

e e o — . — x x x x T T ~ — == —-
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let V¥ he the set of all  yeal valued contin

functions defined oan. [o;1] then V forms

a_vector space ouey the Leld - R of 1eqle

und et  add itien and scalar maylty plication

defined as |

(f£+g) (x> = fexr + gex

(ol £) ) cf Lot Foid  x€ Jo, 1]

L Py xE R

ELS

Now cleavly as £+9g ‘and &4f are again
vea) valued continuous function defined on

[0, 1]

- v is closed w-.-rt vector addition and
scalay  multiplication. :

1) Associativity

For any x € [o.1]  we _have-

lek  £,9. h eV

[(£+9)+h Jex) = [CF+9) x)+ hex |

= | (foxey +9(x) ) +h6x)]

=

= Fcoo % ’9 éﬁc) + hex)

5 [¢+,(g+h) (x)

C30)+h = f+(9+h) .. f.9.heV

1) For any x=€ [0,1] we define . afunction

0 fom [oil tp R by 0O-x=0,
Then for any £ eV

I
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(£ 45 ) (x> = x>+ 6 D

fcx) +0

o fic)

L0 )= £ ¥ fev

3) Fov any fev we define —~f—Fom—fo ] to |

: [0 17T =R

as CfH(x) = - chc) -then

we h@ue; -
[ F+EF) J GO = f£ex¢d + (£
= fex) - £cx)
- %

4) Commutativity

For any x € [o0.1] Llet f,g €V

(£+9)(=) =) £y +gCx)

= 90 1 00

= CSn SO

2 f++q: = 9-1—-?.

5) For any chla;r: x,B and £ €V

considex [(_d+g)€ ]Cst) (¢ +B) f(0)

= « f(x)+ g fex)

‘(Oﬁc) Cx) '+ (Bf) (2D

=(xf + 1) %

D (4B If =xf +gf




— ¢ -

&) Fitxx,

any _scalar of

- and £,9 ey

[&[(F+ ] O = o& (£29)00)

—

I [FC%)+9CZ)J

= fcxy +Xg ) - =

= (df) () 4+ (1 9) ()

= (af+etg) 0O

S o« (£+49)= o{F'+o<q

7y for any Scalats

«, B . and any-£e& V

(«B)F ) = (QB)ch)

= (Bf)

g b(TB'F) (znj

= [t (BF)] (=)

S i A (8E ) o

9) 'Fo'r_dny_ 4 -GV

anel any xe [o0,!]
Elf)ion )= |- fex)
= £rx)
= I-£ = {f. ’

Thus V is a Vvechr space over R

-
- . = T
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X > .

let P be the : set "of all

and scalay

field F then P forms a vectay Space

pnly nomials. ovey a

mul-l—_iP,limﬂnn,

under additic

el Let .I"lmxn(F), = _The set of all mxn matricec
with entries from field F forxms a vector space
ander matrix _additien & scalay: multiplication
o6f madyjces.
Il Theotem : .
_‘/ In any vector space V.(F) the *i%”mwing resSylts
halds el 1
Y 0-X =0 o IR Tl VO
i) (~x) == —(Xx) = ot (%)
V) (d-B) & = AKx -B=x .
— || Llet 0€fFf  and =xev
Now O+0 = 0O
=2 (0+0)x = 0O-X —
S OxX+0-x =.0.% - since v is vector gpace
D 00X 10X =0%+0
B = 0

Foyr ¢ F and O€eV

"Now 0+O0 =0
K (0+0) = x-0
A0+« 0 = -0
A0 +40 = -0+ 0
&0 =0

ﬁ
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ek, (L€ Flr 3ok GV, . 8E Rl O

o(+ -x) = Q0.

f ol ¥ 2 = @ Gl o) F

O(’K +(«)x = O:
T |

(o) A O

—

(=<)-x is an additive invewe of =X
(-« Yz = — ()

let L €fF ,x eV | —xeV

consider, 1

A &w-CXD =0 3

o [ X +(=x) "= 0

Ax +AL(-x) =0

.70 Vs vectoy cpace
0
A(-%) *+«Lx =0x%,; . 2
L-%) 15 an  additive invevrse of o= .
of () == (¢>)
(~)% = —(XX) = o (=)

iv) Let o«,B € F

2 X &V

. o (o -Blx) = (o4 (p)) X

= A+ £B)%

—

—‘\a(x‘-"_z_g-x
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Subspﬂre , ,
Def" - A non- emrrah suhgpi Ww.__of a veclor space
V(F) 1S said to form g QUBS}DG.CP of V _if

W _formsg a._ vectoy Space  ouer F . under the

Qpex_gﬁnn

SV 2

Theorem

A necessaxy and _sufficient condition fr non-

cubeoJr w. of “a u@c%nrxsoocé VCED) ‘1o be

+\J
7
subﬁ

B Ddee thatomial i Clnsed under - qddition

"'D

and  scalay multiplication.

Le. cioe Ny €\n. 2 Xty € W

X

EF ,oxeWn = x €W .

ot s thspacp of V(F) then ryecylt

If Wi 7
follows by def” 6. W ic. rlosed “w-r-+.
vector additian = and  scalar multl‘PHraHon

Conversly , let W iscloaced under addition and

scalay

' multiplira-tfon.

To. prove that W s a sub\gioncp af V. |-e.

_prove that W is o wectnr Space under same

L

OPanﬁnnc in  V

Nowy we prove thod ol ic g ,subSmuP af V
wex-t i W
Let x , ¥ €W s~ ef
e~ LK C-I)\_} vew
x-y = XAy €W
x,V €w 2 xX=Y €W
<W.4> 15 _q ‘ﬁqbsﬁrbup‘ of v 4>

=

- - — - - - — T —« . T ~ -
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{ollowed - {vivin\!y

Th_eorem -4

+

A non—empty subset W of a vector Space V(F)

isS _a .S‘uhc}'mrp of N ff Ax + 8y € W

¥ Xy EW & X, B EF msnad

let V(E) be g vectox Space.

LQ*'-— Al Pe o non -emp Ubhse -P

€ W _js a subspace of N then W 'is

2
closed  w.y-t. addition < and - scalay
muli;j{gligoh'on 4

2y C\W = x+y €W

=

A EF 5, zeW D xxew

Let ~ ~x.~v € W XL gre €
F > 4 ]"

L% €W ., PY EW ~ial By (BefP

S xt+BY €W o= By Defl

| Cortversty  fet the  giver @ﬁdﬁf:bn holdl in W _

i-e. xXx + By €W o=,y cew & o BEF

e

' Fov 0(:: B = 4

le t x,y €W |

x+yY = |24ty ew ‘ = .'_XJ:.YG\/\.’

W is  cloced p-yt.  vector g_'ddr"finn.'

For  B= 0y p el %Y e;\/-\/

ol N & o(x +O'3-GW O

x X = . — T T - . T T T r I I -
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S dx €W A2 d Se@dwed g SEEW

W is cloged w.v-t. scalar multjplfcaiior)_ _

We know that (i Aonempty sebset ) of a

vectox space. VCEY Ts &% subsonpp £ AL is

| : 1
closed  w-v-1.  vector adehnn and scalax mulﬁf;_b‘caiio.

WS sub&:;pcc@ af N(F),

E}cém?)es < _ _
Ol Consider 'the ‘wveltar space RI(RI then show
that W&y W/ =5 (a,0) /aeRZ and W, = $(om [beRr g
are. ctlhsmcac of R (R)
..%

Let | \RQ = {Cx,y)/'x,yER} is a vector space

w-r-t- usual vector addition & scalar multiplicadior;

W) = {ca,0)l aerj

{By def"  Ce,0) ew, = R?

W, is non-empty Subset, . A IR Al
let U, €\,
s o D and’ v=.(00,,0)
Ut v = (a,,0) + (ay ,0)
= (a+a;, ,0) €W,
UV €W, > UiV €W, i,

let o SR, U=(a,0) €W,

L XU s x(a, )= (XAl h) €W,

e RMews L € W —

" Fiom .@'@'@ W, is a subspace of ‘RzllCR)_.
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;‘% x x x — T ot - — - - — T X Y
leb w2 (X, y  2) and.  Wy=(&, y,,Z,) €W
2 DA Byh 5ZpC 2%, + 3y, +522 =0 .
LU, tUug = (_7.») Y, ?1;) + _ (7('7. ' Vq..-/gzz) .

C7:+7fz_; YotVs s Zc+z—2).

202+, )+ 3+ Vo) + 5~CZ,+_2'2_>

= (2x, +3y, +2,) + (2%,+3y, +5-ZZ)

=2 0.0

=16, .

< u,+U2_ c W . i u‘,uze\l\/ —_'_'@

Let o beo'chiov and u=(x.,y,z) ew
L 2% +3Yy+52=0 . ' '

AUz o (x,y,2) = (XX, (y XZ)

PACE'D —t_3 Co<~/)+r56=e?.) = X (2X+3vy+52)

= K O
:O_
AUE W W 2scalay X & uew — 3)

F;om @ /@A /@

W s Subspace o f RS

A 0 s = =
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3).

Considey veyctor .SDQQG = EE"_ Le’c

W= §(x,y oLeR3/'xy eﬂ? _Show T \AJLS

sulnepace of r3

let g2= i(zcy 2N [ x,y,z€eR 3 ic a ﬁuedof,‘gch@

Ww-y-t- gysual add;tion . and Scalar mql't[foh‘m'ﬁf_\n

Let W=} (ry;:0) A.e--Rg /2,y ee.j

By defn

(0,0,0) ew <g3

W@t ta pon —emp‘ty S ubset of j?_?’ . (I

le b U Mg €W & 0,2 (X,Y,,0) ,Ua(Xy,%.0)

Sty = (%)Y,,0) +(X2,Y,,2)

= (04223 VY, O)

(e

U, +Uy €W 4 U Wpe €W ©  ——(2)

let X bhe"a scalar and U= (w_y,o)ew_

LU= L(x,y,0) = (oA o(\/,o)éw

e - oﬁ@s@gg, : ucw _@

meﬂ(“),ﬂ

o

W 18 subspace ~8 @3

220
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e X e X -2 - = T - - X -

4)

Deter minp whether - the -fol!nu)ing Sets are A‘ub&“parﬁ
of B*% or nod.

D W= 5@0‘!)&{?2/\/ 9c'?-?

let W =3(x.v) eRY [ y=x* Er

Byr-def" (0,03, e W cR? :

TR ,non-.pmpty Subsetr of R?

L€t Uu’u-zelo L‘ll: C’?l,’\’;;‘) 2 U= szay'z.)é\/

u -.—72

I ¥ 7 7.\%’), =

o Yt U = (ot Y)Y, )

= (_7, +9{Q—s Y:+Y2)

5

_. | o7 9
Yi+Y, = 20740 # (2, +%)

G, 1), (2,4 ew

(LiD+ (2,909 € We

amljs  npt closed  w.a-t. addion

Y S 7.1 suhsporg Of E3

5)

Detey miwwmmm%m@mm&‘ . ~ ,

meS erf)n"? a

cw\/z)efa?’/y 2x ,Z2=3% Yé*?i

~

2

$

t

2(
t

791'4;\;193/262?
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Lot R3=4(x,y z) €R> [ oy, ZERE

—1)
let W= 3(xy,z3 y=%x, 2:3'2,23 3
. 8y de £, (0, 0yo0) € R>
| ' (0,0,0) €W _
"W Qs Subhseb af (RET - LA
U My €W N (o6 2% 3% ) el 2% [3,)
U +y, = ‘C%‘T,’z.x,',.g:i;) +-C-"2L +22,3;,13:t_%)_
= (7;+9}9 )‘l;-éC?.#Org_\—{—B-C;fx%»j»Dr%,})c&)G )
UslUyg EW , UitUgewW A U Uy €W
let « be a scqlo}- : uew then, u:rc')k,zz.,aq)
Ly = ok (2,.21, ?>7cl‘.) :Co{a', 2.0-(9( ;30{;() | ew
Xu €W | ‘
-, =, SV AR Subm[r)amo iyl RS
> ® W = {er,v;.z) ¢ p>5) x=-17+7? |

J

let W= §(x,v,2)eRS [xytz ]

By def” (0,0,6 ) era3

Co,0)0) e W £ 3

- T T T T T - T
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— : 4 T X T X

.+ W.iS non- empty- subset O‘p R 9. b (s

let u, ,U, € W 3 U,'—‘—.CX.,‘Y,.,Z:-)) QZC’C}.:Y&;ZZ)

X4 o Mo P X2= Y24 22

U,+U, = CD(, 2y Vi Zl) + (%2’ Y2 ;2o )

i C}?"“"z., NY, 2, 322 )

CHi+22 ) = (V42D +(Np+25 )

= Yy +Y2 ) + (2,.42Z5)

>

U, + Ug € W Ay U;,M’Lé\/\/,

Let « be a scalax ond U= (x,vy,Z )
' % =Y+ Z Eoi

X U= ol (x,Y,2) Xk, Ay ,o(2)

oL - o« (r42)

= ANtz

AU €W - V- Scalars x & U€E W .

W is Subspace ©OF R

W:fex,yz> €RS [4x—3y +z =0

let W= %7(,.‘/,2)€—R3 /475._:37_,’)2 =0 j. )

By defh (0, 0.0) €3

(0.0, 0) ¢ W £ R3

" W_is non-empty subset of Ra =

— = —

i1
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- = 1 . s T T T - = . . 5 R T > o x I . —_—

4x, -3Y,+2,=0 ,¢4x2 —3Y¥2 +22 =0

st UgbUg = 2 (R, o) B o (Ko Vo375 )

= (o2, Y+, Zi+22)

Co 4z a2 ) — 30 L) + (24425 )

= (42 =3y 42, )+ (4% ~FN, 472 )
A O3 H ‘

=0

U, +U, €W Y ou,,Uy €W

Let 0( bQ a SCC!’OU and U= C‘Z,\/lz) € W

4x —3Y tZ =0 .

U= (x,y,2) =% ,ay,o2")

4(x) —3(xy)+ (h2) =X ( 4x = 2y +2)

= K (0)

=)

v XY EW

edidois SubsFac.p Ww. Y4 . 23

Show that intersecton agf anv + 0 bspace

1S a.\c}a'l'n' Q 'subS‘]ﬂhce

let V(E) be a vecior SP&(P

%&_—_—_, 5 Ty - < s == — . x o=

=

Let W, and Wy ‘he two subspaces of V
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To - prove cthats W, DWWy IS 'a Subqure of V
Since W, and Wy are subgpaces —of Vv

S O€Ew, and 0€ws

W, O0W, 1S g mnnn—@mpf}z Subset of V ——@

Let U,V € W, NW>

4 Y Ed@o- amd % GANEWZ. Tsks 8
>  U+VEW, T and - UV EWa . g:;gwjﬂwaa
=2 UtV € W, +W2 e

-

ML,V EeEW, AW, = UtV EWiEWy 1 .

W, AW, IS closed  w-ra- vector addition —£&

Let <€ F and WU E€ W, QWo

= UEW, -2, U € W»

D> «Uuew ., XU E w,

> U € W, N Wo

XU EW, AW, ¥ Uew, 0w, & all scalarc

W, NWz s closed w-r-1- scalay maltiplication —(

-:-‘FYC)m 0.0 @B .

W, DWW, R subsoace oF v

A In+erqgr-hnm nF any- two &qunaces is agair
a__subspace

Note -
But ~ union m“ twa. sub‘spaceg need mi be g
Sulnqmrp

(nn_md@x the . ‘vector <pace \L=RS= f('W,Y,Z )-'/'—Y.Y_,z éEj

- T - —— ' T I I . o I I-
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= Sitouvie) /yepy
C 9 g L 3 2|

LU U W ={(x,0,0) O (o,_v,-é).;./.x"yhéR 2 3

;_icx,-v,é) /éi%he; x=0 or \/50} :

By dlef” UUW . is non-emply subse‘r of R3

L 25040V P(OR), 0 dbe U 0w

. (2,0,0)+ (0,1,0) = (2,1,0) ¢ UUW

) i
A Qo 1oL

’ \
o FRTL ' i L - 3
U A ale 0SS e q Llag s -TO

~ UUW s not sub-space of R3. -

2 T uw (s a SuBsPanO _af. " wechor Sfo’a(@ V_iEF

eithey  Uew or W = U

T I R, R z;ec ? =¢® be the wedor

)
—_ 1 _space over € check mhei—her
AT Y VIS 1 o N S W e . T B numbgf} _
S g R | A7) D
D Wy = 2(2,,2&7_23) [z + 2828 }
)\l = 5 = q \oSPaces
of \ _or not
— || Consider \2z; i_( yzz ) Az, 250 € G
| BB W. i(Z.,ZL,Za) [z s real numberi-
e e— r—— — . - — — x
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Fors. 00.0.0) 6 WysG C° - 4

W, is non-empty subset of ¢3 —— @
Lot il 5 (Zrl%esTa)Ss, B30 sl 25) E W,

bV S CZoa s o B duit (FinBepFac)
=t (2,48)% B rz e, Zo 42D €]
U+ v ewl' ¥ou, vV oew,
W, is closed

wr-t- vector  addition

let o= 2+ 1 € ( W= o Vad S 3) el

Au = (2+41) (9,14 ,3)

(@+2i 3041, 643i) ¢ W,

N

L XEC , UEW, D XU & W,

w, is not closed w-r-t. scalay multiplication

W, s not

S‘ub_glgnbp a0 S

i) Wo=f ,z;25) 242520}
Wao = ‘Z(Z,,-Z;,ZQ,)/Zz:ZsGCf
(0,0,0) ew, g3

For

Wo IS non-emply subset of (2

IS

Let U= (2, ,-%,23) 5 V(2/,-2/,23) & Wg

UV = ez 02 J g (25— 2, » Za )

== (Z‘l_\'—il’ s — (.:ZI+L21’>r 5 [Z_g,_j'_Z;’ _) & W—_;f —r
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T T I T - - = -

utv_€ Wy U, Ve W

—V‘
-, is closed 'm-‘y-'t;: ve cior adoitian.

Lekt A E€EC  ‘and UewWa

LU= £ (2, -7, ,23)

= (o(z, s — X2 :°<23>

AEC, UewWs > xuews

" o is closed w-r-t-  Scalay mul'HPh‘Ca:I‘fon."@.

e 0, 6,08

W'Z_ "S a SubSPace of’ C3

1)

Wy Wiz =§(2,,2,,23) [z, +Z,=1§

W3z = i(z; 23,23) [ Zo=1-2, }
Wa = f(_zl;l"zl ) 23 ) /Zu Z&GC}

.. Fox CO,O.O)-¢W\3V T

W g~ S—hom—emphy—subset—of— 3 wW— (0

bet—6& =222

. Wa S not a S‘ubsr)arp of C3_

L
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SUM  of - 1wo subsPoces _
W, and W are two Sub*s—paces of V(E)

then we define WyW, =fw +w, [weW, wenh

Show that sum of +two Subspaces of a vecky

Space s a S‘ubcpo(‘@ of u@c‘rox-.qgace.

let  V(F) is a wvectoy space -

ek W i,  be o dwo “subspaces of V. by

E“/’ de.(_“?=

W+ W, = 1w W, | w,eW, =w2-€.\/\’2§. |

W,+Wgo IS non-empty Subset of Vv — Q)

lot ')(,‘;I € WI+W2

x = u5+ u_rZ. 3 \.{’ = U\J'. TDU?_ <+
wheve 4w, €W, | U, w; € Wp
x+Y = (Ujruz MW, +w2)

C (Wt ) H (Ut Ww2)  E W+ W
oo Wy & Wo o ave subquCeS.

Wi+ Wo is closed w-r-i- vedor additioh, —Z

let X € F 5 %= (Ui4la) € W, +Wo where Y eW,
| . = ‘-‘ze\/\/z

o= ok (U;+Uy)

s o(u| +0(u2 éWl"’W’Z .
: w, £ w, are SuhSPaCE’J of V.

L X2 € Wit W, ¥ XEF . x € Wit Wo

W, + Wo IS cloced w1 <calax muJH’oh‘mﬁnnré
fom @ 6. @) BTy v ks

W eWo |8 .Qub.slz)gc*e of -\

R

o T ra ‘. v = = v s T r - r = ’a e " -
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. Sum of two Sc;lbs]oa.mo of  vector s‘Pa(Q is

tOn Subspanp of vechy Spnéé

Dire-d:‘ Sum.__—

We  say. that " a vector. space .V 1§ thes

direct  sum of  two .SIIBSPGCQS W, and W,

D V= wiaews . . |
iy EverytoveV can he Q-xpressed_ uniquely g

the sum W, tWs where UECE \A_Ii ond W

Tnldhat s . cdse we wiyite

Vo= w, @ W

Vo= W @ Wo UGFED V= W Wty W0 W, = {of

let V. be a vecter Space. W, Wp b tw o

gukan ces  of \/
First Suppase that = V= W, @ W,

LR AgEn el djteck s

) V= w4+ Wa

| - ¥

Y N E> Buery  element  cain V- con bhO o QRDRIESS

|

um‘qup]y ag the sum w,+ W, Where
g W T w, €Wy

| - Only —we have Yo prove that W:“‘\"Jz'—'i"}

Lot i Qoss}me_ Qo € Wi NN,

WD e W T2y X EW

P, = Has x2+.0 puXEW, ,0EW;
x =017 s O €W, ,?szifl/z

_Thus 2 eV can  be exprps_g@af (. Afleasr. (e
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different ways. as sum —of an element of W,
and an element of \Wo

This  cantradicts 4o the Fact that Vis the

—divect sum of W. and ‘W,.

Hence O s the nni}; vector _common 1o batk

) \Ali nncl Wg

L W AWgo = §0}

Conversly Suppose that V.= w +W, —and

C

W, AW, = §Q} _
To prove that V= W, @ Wy

Since V= W, +Wo % implies that eaeh Clement

of V. .can be ex-PreSS@d as Sum . of an:Qle‘menfo{’

W, and an element of Waz.

Now 1o ‘Show = that this  expression IS Unique

let £ pnssib!e v eV

O AR 2 A M o r oAl e 0,
T &= 4 g .

L WirWwg = W Fw,

Wi-w/' = W= Wy

since W, , W,/ € W, > UO:“UO;;E W,

and Wy, W, €W, 2 Wy -w,' e Wy

Since W, &lWil, are Jsubgloaces,

byt~ W, W = fd-}.-

2-
W, —w’ =0 = w'-w.
C P §7Y

é w:"—'_(-O,' | & UJ2=(QQ'

EUQI}( Plpment in V Can he uniquply QX‘PYPSSPC

as _the sum w+w, , w, €W, L w, W,
\f’-"\/\],.@w?__

. - I I T = I T I T I X I =
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Q,ug:l;j_emt | :SPG’(‘Q T

De_F”--Ig Mbhotissdn suhqpac Q. Mecto DQLCE
£) let vV _be the ‘setrof allcosets Is
W :
called the quotient Space ‘over F j-e.

nuohEnt space Ve SW+ w /u~ < \/? 1s a vecio

QDQCQ over F (42 T'tw addition % O N 0 Yae i

APfLﬂ ed h)}

AWESD +(w+\4l .t (x-l-\f)

og(w+x) w.-fo(x il x,ye \/ SRER,

‘Nai-@“-"*

W+ 0 =\ L < an__additive  identity in h‘?f

W+ Gx) is the inverse of W4+

Hnmomorphismﬂ ar  lineay Transformation

let ' and U _be +wo yector Spaces Qvex
the same field F  then the manbfng

T: Vo U is called g Hnmomomh:sm or g linear

transformation jif IC'x-i-y)— Tr:c) +Tey) and

Tld2) = LT x) = IS SR S V- S

OY T (ax +8y) = Tex) +pTey ). ¥ &Y EV,%pE

Note -  The lineax transformation T (s Said to

isomorphism f it iS one to ‘one ancl onto.
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| Show) that  the tmnsformadion “I:Lj?l%- R% defined
e b}’- "T"‘(x{ 2ida0) o5 Cxp 5 %, ) s a linear Transfor madi

Gren, T : RZ— R% defined by T(x,,%z) =(X2s%

9| Llet uz‘(-"‘uﬂrz.;)_,v=(‘lu\lfz._) 6_23
T (utv) =T (Ga,a6)y (V%2> )

:T (7,1‘*‘1£ )7(21'\/2_;) '-

e C"‘z*‘h);‘ 7-:1"'71 )

!

{o st e, % )

1}

T )P4 T Y Yo )

=TeuyY-«+Tov) ¥ U v ER”

clet we=- (e, 3%9.) and A be -a scalar --aeR

T Gu) =T (S x,2)) -

T (ot uw) = of Tl Huer?

de K

L Frem @ &@) T fS 'a/h'neqr- Frunsformation .

1J
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Showy that

Ty yxg) = (2 | - X -
transformation .
= -Given | ‘l‘.: IQ'Q‘-;“23 s C’é{:!;)ed’- b‘)’.
T (P Yosi =, X, 20" 5 Y
Lot u= (xya) L VA4i9Y:)
T (u+v)y = T C?L:—r\;. > xl*‘{‘z)
= (RO, X Ay, Xty )
= (&, 2, Y 5 ) + (Y, LYty S
YD) 63 {,96.) -;-’l' C\l-:-; );q) 3
= T w) +T) - -b"t;,v =
ver U= {aoyzp Yo qad d- beasalar - AR
T&uy =T (4 (x,,x«,_)); |
TR e,
=4(x, y X "‘:"wizz)
e N CX;).W?_7
= ool a T QRO wekd
T is a linear Hransformation.
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L6t vV be the Set-of all  differentiable finctions

of x define D:v— v hy D) =df: yfey

d=z

Given D: V—vVv  defined by

p-€£f) g)idf -~ FeN

Az

lot £ q eV
- P IJ

oD (f4g9) = o (f+q): =

¢
epdf. 5 g
dz dz

=D D " =0

ek TeV . el

\i
Q2
Q.
hH

[l
R
=
N
bt
5

S DCf)d = d (gf)
| dx 7 o dx

Fiom (.2

D ES s a_lineqy t4ranstormation .

C (Blaedy & P 00 Clim Oy =
J =2 J P

J( aperafar - is q [ s




T +T(VD)

\!

( te, YY) + (142t

NotePal W
= Date:
Page:
IV 4 Idenili':f L& e =
T ity i b
=% T U ) =gV
| BITC0wr+ T vy ¥V =0
I Xu) = U = LT (u) =
6) Zero funclion e QL de fined =b}/ 0 &I=0
| 1S o ulals -
]
| —> O(u+v) = 0 |
= o+ ok ¥l
= 0Cuw)y+0(v)
1 0 (Audy = O
| - d.o
= X D(w)
7)) Check  whether  the following transformations
1S lineay _or nat

TroRbm 13

_Such . that T (3,5, = (I+%, , X2 )

Let

u= X, ;J__’f?,)

3 V"( Y:J Y').)

T L)

=TT (X+y,

s ZatYy )

( 1+ 20 +Y;, 5 X2atY, )
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Mouy FTFH S oTrain, ) POy N, y govid |G

B R A YTy, )

—

(240 Yy T2t Y, )

SO TUAVY) 2 Taun +T (V)

LN dsswmotT O d il -

2

i) T :R— R > such that TCx) = (x,x",x3)

-

Let 2, yeEeR

T(x4y) = F[(=xty) , (x+1)*, (oery )3 ]

~F

Tex) + Ty = (e ,x%523) + (y+ v, y3)

= (A+y . , 24y, 7c3’+y3)

T+ Y) FE T ) Ty

T . is nokido,yr ldE

)

T & -3 Such that- Tz 3= Z

i-0 - Teoaetiy) =2y

W I T: " R* ouch +hat T (x,y) = (2 =Y)
i Cee® T eoe+iy) =
T: @32ap* such that T, %4,%)= (2, %422,
: k 2}"'12"*&)@

—
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i) || Given, - Trc—C . such that, - Ty=sz .=
€. : G (2etiy) = 210y
0 let w=o+ib . v=a'+ib'
T(usv) = T CatribFa’ +ib)
= T (dveais Cod B ))
= (a+a'- i (b+b'))
T sTw) = T (adib )+ TC@@%ib )
= (a—ib) t+(a“ib!)
= a+q’ — 1 (b+b")
(T Curvy = Teaff T vy
71 2) et w=axib ;& b ¥he scalay
S il {0 = 16 W (< Carib) )
= T (&a+ otib)
= (da - x1b )
:dCQ—fb) .
= ¢ TCa+1b A
= o T(W) |
From @ & @ K ide LT
VI Given T:c— C s.b- T CXFIY) ==
D let cu=raxib S v= a'+ib’ ed
T(utv) = T(a+ib, a'+ib ) e
= Tolasd' s RCETRY)
= a+a’
T (W) +T D o5 T Chianis Xise T Cafribd) -
| = (&) +aqg’
VT QUYL EE T (W) T V)
2>, Let _u= atib-€C | &\ Is scalay -
T (ud = T (& (a+ib))
b =T (loda +otibiuy |
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= &g
o T Catily ) ad
s 7 —o(T(.Uk) 3
Ffom D &@ T J.S_ L-T.

s |

Vi) Gwen i 23-41@"‘ such ‘rhcd

qu qu-) 9‘3) = an 9 X (+24 , ?(""7(2",")(‘3 ) 9‘(3 )
5. let Us (2%, X3 )3 V=LY , Yo, Y3 ) &R

T (U4v) = T((’X, , X2 ,%G ) + C\b 33 \/s))
- ik = (7C Yol Kol 4 XBTY":.)
R = (7(5'1"\/; 3 XY XYY , 2 1Y, "'()(‘7—'1‘\%2_'1"9(3"}>‘2
= (&, +Y, 3 PGEX o+ MY, Xt Aot Xy Y T Y3
=cf > ‘ Az ‘}'\/3) _
INew T3 20 1T -
T Cuy+TvV) =

T X ;X)) +T (M, Y25 Ya)
= (%, , 2, +Xq ¢, +A2+Xg , X3 )
o CNG Y e 2 s, YY)
= (% ¥V, Aoty Vg , X+ Xt Xa 1Y, 1% 1Y

o Xt ANSEJ 9(3+\!3",)
T Cuav ) BTy F TV ¥ - x) ]

2)otel U= (X, ;X3 ;Xs) o be scalay
T Cdd> = T(O((Xu?(u'x;z_\)) ‘
= 1 (ol , An.,AX3)

= (ol o020 Fa¢2ty 5 X2 el ottty jolag

Zu o % TT5 (s N pens v
= o(’r(u) |

From (D &@)°

—

] 18 _».L-l‘-

—




NO!&Fal L”

Tt
Lrales

Page:
* || Theorem
(et Ty =y bela (BT, fhen . i) T (0)=0.
~/ iy T(=x) = —Tx) Sy Tae-y) =-Tcatd =T Ly)
m) Tex-=y) =TTcady~ TCy) e
— {) }
o+0 =0
W toFaD) =TI (O Xy - _
F ot BRIETFOF X N T T8V -
Tee) +TCoy =TCoy+ O . ©is an identity
Teey =0 . . by cancellation lae
Mt i (e ¥ (E®NY =i
T (X4 (=2)) =TT (o)
T +TEx) = O © T is LT &TT(e) =08
1k Te2x) FT(x) =6 ‘
S T ee T (=) =T 20 A x eV
w)iex ek xgy € V
T (x=\Y) ' = T(z-l—(.-y)) ,
=Teo+TeEyy T TsbT.
¥ I Null Space of T or KerT

]
DefP - let T:V—(0 be Lineay Transformatiod

(oy Hnmorhnvg)hi.cm) then Kevnel of T is define

by
&7

KesT 1§ VEV /*TC\/);O; |

B is alse called null Space of T L xer T € \Ls

— - = . T = - - — I T - . e ————
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* | Theorem.

< let T rVesl) pe-a lineay transformation

(_HOmnmnr Phl‘sm} then KerT is a SubQPore of V

let T: y— U

be a lineavy transformatian.
By def”  KeyT-= 3veV [Tcv) :d-}

since T(o) =0

0O € KerlT g‘\_/

KexT is non-empty. subset. of Vv i @

Let- o, B b€ a scalass qnnd Llet u,ve Ker T

T(w =0 - dncl_ _,T(_VE);‘:O.. .

consider

T (xu+ pv) = ofTewy +BTcyy T islT

X (6) + B(0)

.= 0:+0

gy
— %
-— [~
-

So(ltwy 4V e Ker T
-t e

Y u,vekerT £ for all

Scalars «/p —
from (D 202 .
ke o RS ¢ Subsparp of V
V/#‘ Theorem = : _
let T: Vv—U be q linéay. ;l‘ran_c_{?_\rma_'}w‘on (_Hgmomnt,
then KkerT=j0} iff T ;s onein aone.
—=['B let T: V—0

and by degn

KexT= FveV | kes Tv) =oj

—
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E———

— —— T . = = T I e T - - T - ——

First _suppase thad, dioyaad T | %

o Key T;:‘Eo } Wiy 1 va@. that' T is__one to ane

-

S L LA AN Agaabiay (SRR NGRS TS

Lét w,v e\ such that,

AIRied) ST o ad U e

P2y L

F -

AOE TTTCV RS . =

T (u-v) =0 7T gis At Y

=
s
| 2 U-Vv € XerT.= {p}
=2
=2
A

L |
Uu-v =0 : $ |
u=v v v eV
1Et0 QRBEHE gpe @S foa i, Thes
Ik '(fthQ\‘fﬂy | '.S‘UP;DCLS@ that, T is one to one.
To prove. that KerT=30¢ '
v Let o A TEaKer T »
L = T =D
Ty =T (0 T (=0 .
=0 T is one fo one

1 % i M .Kef .—r ® {O} )

Zero +transformation 0 V= definecl by
Oy) =0 N VeV

Ker 0. = V = Domain..

2)

Io\em}H}.« funcHon 1: y—=V __de Cined by b
_T(yd)=V M VeV, = =T :

Tommy - 3
' <)Y S W, A
- J

= o — ————— x x - - Ty = = x
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Differential aperator  D(f) = df
,‘.. & ; L 3 § ; i i dz —; 1
K S-ince. ' D(-F)?O th F:c o m;;gtanj:_j;ncj:mn

Ker D is +he se+ of all Cons}ant Func’rfon.s

Forx lnt@gml nPQra'}nr {

ol ( scfigt
=

Find - Ker T 3. the volbdd T : R?"'—-a.RS M
TcaA) @RI =N T g G g

éleane'd‘ by,

1

Given, T RQ'—'Q3
Ty =o (Ao ,Y)
By def” KesT = §veV /K. chro}
Sy er* A/'Fcct)=o}

Ker T

$(%y) egr® /ch,ﬂ:nl

= § =z, vder" ] 'Tcm*:)—- (o o, 03%

= 57;7‘ )GRQ Z (%, ’f""?'J )’)‘ ((‘J,O O‘);
=46 y)E€ RZ) % F 0, y=0}
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* .t Rmmp_
J

of T

let T :V=U he a linear “ransfor

ey e SRR T ) R S B ) S“““

-T[\/J’ y =

B CC Ty Yo fue()/u-“r{\/\ \/EVZ

Thegrem —

loet T:V—osJ be a LT then ranqge: of T is.
' ' J
subsPace of _t

By def” R = T(\/) 1T fvey-§

— NO “. TYANSTO ".'..

o (u ez $ueu/u T(V) veV}.

Rt

is non-emp*y subset of U. —— (@

let «,B be +wo sca.lars and let Too, Tcy)€Ry

where  x,ye V

. oTTCax) tﬁTcy) = T&x) +T(gy)

=T (o« +py) € Ry

o Tex> +BTcyy € Ry . for all Scalarg «, p

& Y Tcx) T(y)éBr ———-@

St v e LA 3 &=

fFrom @ and (@ R- is subspace of U

>0 ic a L.T- +hen - iy KeeT =fo} T s
y7) ) P—.— =T(VHIEE T tle¢ oando

— — I e * e e —r x - ¥: - - B
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| Note. ot Nne - ‘
o letr T: v—1) be a

LT then- V. ov R = T(V:
Set KerT . :

This__iS called Fundamental theorem of

bnmommphi sm ' foy _vector sSpaces-

el If Aand B are 4wo subspaces of -vectny
Sace V(F) then ATE ~ B

A T ANB

El

el J€f A+R is the

ditect sum > then ANR = (0)

¥ A~ ABB . B .~ A@B
@y, =3 B @ —, A
Bad o A Ho)+x I'xeﬁl
(0
= i'xjcceﬁi
B #

eI V() is vector gpace - th en-ing ‘and V
' are _subspacee of V.

» INatural Hnmnmm‘ohicm ~or ﬁmﬁpn"}' ma{J

an onis  linear. frqncfnfmahnn @ Ve

Ker 6 = W
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Note. o Ao b gt
s letr T: v—=0 be a | T. -then- o2 Ry = TV
. LI KerT _
This _is called

fundamental theorem OF

_hnmommphf.Sm' for - vector Spaces

el If Aand B are {two . subspaces of -vectoy

Space  V(F) then ARB -~ VE:

A ADB

ol I1€ A+R is the

. direct sum > then ANR = (0)
If £ ik ‘ .

() © ~—. A
But A :i(o)+xj9:eﬁ}
15l v8 (0).
=B NS had 2.8 N
a Ar -
AN ADB o g = MA®B
B A

V(IFD IS Vectnl <pace then

“$n2 ‘ahd V
o t 3
are suhcpam_o of V.

INatural Homomorphicm - or - Quotient map

et W be o mhmnro o-F V_then their exict.

an onis  lineax. f-rancfmmai-mn 0 : v= V. sach tha

Ker 8 = W
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Ut

—

an r‘

, Lei_*ll_bg_o_\m_dm_sPage

.mm of Vv

w._ he .o

»

(Fy

LS 'H'\ quotien- SpDACe Aefined Q:V— V:
b\ll Q(x) = w:..ﬁx ' ;1_1'9(.6\/ e
s e well i -defined. .
Let 2Aq, N & V ‘_-SUC’LL that
'at";: '}; :
al+2 = W+\1 w_is a S’Ul)ﬁ})
= SO ot Qogus @{v\ . \ gl e
o T e el ~ dQF:npnf
W e (0 e, s
lek  x,y &V and .8 be scalays
L Q(xA*BY D) = W (xz+gyd .. - Bydel”
= (WHax) +(W+Ey)
(o (Wt , =
= (Wt )4 B Wty )

= (x> +BO(Yy)

Y- 2, ¥ €V

"'79

a L-T-

IS

i) 8 1s onto

~there exis?

X& V such thad »

For. W+ €35

8GO = W+ ¥ xXEeV.
Q 1S onto 2
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Now __we  have 1o prove that Ker 8 = \n/
let ze-Keoe @ GG QCxyY =W -

=< Wtz = W

Kexr 6 = W

This L.T- i< _called natural homomnrphiemor
the qu_oﬁpn'j- mnP =

¥ Linear span.. or Span-z'. iy S AL IS
\? Def"= let "V(F) be a vector space V'-EV, & €EF
:}_{“‘H\ then elements of the -!;VDP
n § s
Z— Xy Vy —O(;Vx +0(2V2+- Eam o9 +7 AnVn
=t
are called lineay combination of My Milre o\
ovey F. ' '
Llet S be he
setr of all linear combinations of Ffinite number
of olements of S. s called lineax span of S
ILLst,pm‘hpd b-v LGS OriSl or <S>
je L(S) ‘1)ZO(|V; /Vl GS) °(I EF f
L= ‘
. , ; 2
Find  L(S) if S={(10) (.22} SR
— || R*is = veclor space .over R
let g% 3(lb) (623 .
By dC,-J,,(S),— -{o{(_l o) 4 Ilg(f_\fz.)/o( RGR?:
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L1S) = 4 1d.6) +10,26) 1 &, B ER.]

3 lcoc, 2_5.4)'/o<, BER]

= 1uy)/z=A, Y=2B cR{

L) = RE
) In R3 find < 120,00, C0;1,00> Checki
iy (2,300) € {00, (B,1,0)2 or nat
= R is a véri‘df Spacl
I -
let-S= §(1,0,0) (O,1,0)¢
- L(S)=3(,0,0) +B (0,1,0) ), BERT
=j@,0.0)% (0,B0) [#.BERT
= $(s,8,0) /#.BER]
= §(xy,0) ] x=o, Y=B €R{

= XY plane.

Suppsse | (2.3.0) € - L(S)

(2,3,0) s a lineay (ombinaton of

4, 6.,0), €0, 050)

_;Let’. X, B be Scaloms < uch ‘that

(2,3, e £S5

—— T T T . T T T T T T




o (2,3,0) 2 (1,0,0)* B(0,)0).

= &(&K,0.0)+(0,B.0)

= \(et-85 8
B0,

0(22, 533

(2,.3.00= 2 (1,0,02+3(0,150)

L 0020R00 M€ < G

i) (2,3,1) € <(1,0,0), (0,1.0)> of noi-

suppose  (2,3,1) &€ <S>

(2,3,10 & = «(1,0,0)+B(0,1,0)

= (A,0,0) F (0,B,0)

(2.5, 18235 (G, 8.2

S o=2, p=3_, O0=) Which is nol passible.

(2,3,1) & <S>

. Our_SuppositHon i< Wwrong.

&.3.#) & (S)

let V=R*  let.s =§(20.,01),(1,0,0,0)} Find L(S.

“and _check: whether -~ (1,2, 3,4) € L(SY or hot-

RY is o wvesctor Space

let S = %(2,0.@.1)}( =1, 0,1,0)}

L(S) =3 (2,0,0,1)+B(H,0,1,0) /e, B &R ]

—
—

(2, 0,0,0% CB,o,p.0) /%.p ER}

i

{ (2-p, 0, px) [, per

p——————— e ——

— -
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> em—

sSuppose-
2

G120 3. 4) €W (S)

bk iasat

= ol Lo g R} +B

("')O-’lb)

(V273,93

(2¢-p ,0, B, xX)

4=

:> 29{_5 sy DFrCES g=I8 =
which s not Dﬁsci'l-,-lpt
B SUDonm"hon € oWwong.

(12:14) éLc.s)

: ) (0,0,2,1)+€L(S) or = hot,
Suppose _ (0,0,2,10 €L(S) __
- (OIOIQ:I) "-"-0( (2101011)+B (—liol’jd
| (66,2, = (%W-B, 0,R L)
l" A\ VW) L0, 9% L TR
_ 1l
(0,0,2,1) € L(S)
D)) Jot S=FC4a), (0,3)} ho.s fs diinkaf

show that

(2,3) e | (S8

ad

W-—J ln

B
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Theorem e S fof
L(S) is the smallest Subsphee V containing §.

Let  V(E) be a vector sSpace

t S _be —a non-empty Subset of ¥

Le
By cdef"”,

~

n
l(_Q>=$ C '0(1".\/,' / \/l" eSJ O(i eF JZ

e

By def" of 1(s) L(S) is non-em piy subset of
" 5 7 7 @

let x,y € 1() and o« B€S

X= 2 AiVi =V, tolaVa + - - - -+ AnVn
=t 4
e =5 Pi¥i = BV +B %4 - sosnwid B o Vi,
wheve o; B efF ¥ i jen
qnel . v 3 Vi, C.f
—— — e
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k’— = — =z = - —

I AKX+ BY = A (Y, FelgVa T - - o Xnvn )

: \ L C f’,'vl""'.BzV; AN Bmv’; )

A |

) ; = (%) V, 4 (ko )Vot - - - . + @oln)Vn

"' [ s (BB W + (BB, v + - - (PR,)

. AX4ABY s @ lineay combination of finile

number of efementsS (h [(L)

X+ PY € LL5) M LBEF

and ¥ x5y €& LS —-——*@

g .From @ 3@

; LESY . Os sub.sPac_e. of - W
for v, e $
i v 2 by AN RS NV B di g sy - V- €
T T T - A2 - 5 o i
ra Vidi £ B,£S)

S gL °.'-L-(S) is subspace of v containgig S N

| g A pe AN hSpace ot monlalning .

Let =€ LCS)

% is a linear combinaion of finite numbey

L

- of elements in S .

™M>

2 = XV, > (o261 GF r,VJ‘ €S’

-—
(1]

e dl U‘ + O{QV-L + - - —+O(n Vh

k]
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Since  V: €S = W

— - —

LS e W SV €W

N

T LW s subgpm

N
=2 2. AV
1=t

> W Is subspace.

% Z & W

1 (SO & \nl

ol €8)dic IS igliept ‘subs‘Poc@ af _V

mnf:aining $

*| Theorem ‘ |
1 W is- subspace of V. then L (wl)=1nl and
(‘on\zersl}:.

e | R 2 | VCF) be a vector qoarp g

S(!b&DCL(‘P of \/

Firet ..Quloroos‘g “that' W L_c

&'U_b;se L.OJQ__L

we know that "W is non- emp-fv

then | (w) is smallest

Subf;)pa ce of V

. . L}
containing — \al

J .
A E  BIEI) 100 L0

Lot xe LOW)
_ o

vV, €W .

=% Sl gl ceh
e i U ) 7
& jo=1
. . n . / -t ¥ . .
S s 3 vy ewl LT Wis asubepace.

B, ) E B LR Slads

Conuevsl\/ | suPoocQ : L(\AD E

W

gt

since_L(w) s .S‘uloqynm”e

W SQB‘:PH_{'Q of Vv

—X — T Bs
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el

Note —

) T 8 and S; afe subsete oF_‘\/ ~then

DS o S, LGy i L £S5 )

) pESHHES | (SUS ) = 1 €8 £ L(S)

& Giv s AR Sta N 5 D Gy’ .3

iv) L(L(‘L(;S;’))) g L_(S;)

2) -If£ S, and' S5- are: Subsoacpx o(—“ \V +

LS USF) =L TAL el —f_,+f2

1e. 3§ s, and s2 are  Subspaces of V then .

.

/_ SIUSZ

S Ll lotbgo guhsqace 0(3 V gQanneeL h\e

Finite Dimensional  Vector S‘oam fFD
The \zed-m space v ;c Qald 1o be finite

dimensional aver zf there exist —a finit

Qubcelt S @f 1} Such _that, '_'1/_- LLS)

Shaw. that EQC_E) is  a finite dimertion _yecto bace.

let R*= {(xy) /x,yER}

let  S= §(Lo), (o 1)?

sy = i«-c:,oH_FCOAJ [ BERS

= 1 (.0) + (0,8) [%g RS

—— T Y . x Y T . =
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— I T . - T - == . 5 . e T X X .

= ?Co( B /df B eR}

L =R?% .

(8 = R? , f X 4¥2S BAHAS T

.. Dimensicn o f R* =

3 R?'G@) is__finite Dimensional. l,fodor_ gpace.

2)

Shotn thot  R3(R) fsa FD VL.

R3=§ ij/z') /9" YIZ GR}

=t

'5 5\003(01;0)600‘)? p3

-

L(SD = io((loo)i-ﬁﬁo)lO)+J)(Ool)/o(ﬁ pcg§

= {(o(,_o,o) 1—(0, 8,0) 1—,(0,0,‘ ) /a,ﬁ, % eﬁj

2. 3 (B ) /o(.,ﬁ,})C—K},_ ‘

S ';;3

L(S) =R

Dimension  of RS-—B

L R2(R) is Finite Dsmenﬂona)-_‘\/edm .%Da'cp.

Lineay Deppndencp And Innleoendenrp J:J_ B &_L._I._]_

Def - let V(E) be a  vectoy Space vechm V.,

V‘L; .l[.“ n. V qre ﬁ‘(ual

APPQLAEQ‘L hc there  exist scalars. -

in_F _not all zero qudu _that o(v-LechQ_t_ﬂﬁjzﬂ
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o~ —g— - T + e T T ¥ T T T y - e T T e -
I £ v Vg __are  not  |ineatly a!pr len

| then  these  vectoys aye called linearly

mr-lPoPndpai‘ i P \/i Vo Ny Qare ,[inéafl/u
L rlgPQn(loni— Vol > odv- = O ‘mplies atleqgst
]=.l r _ . ]

one o * 0

Annl u . [ e lineatly. independer

if 5‘1,41,._9_—5» oil ol =0

A -fim__ set X=§zi,.:nz, 9(_.11;. __igl
+0 L\Q “ﬂPQ{|}1 AODQ denec. QO ‘7 r la‘. naen

ACcorclma as ' i1'¢ n members are “anﬂ‘}r
A@n@nclennl Or lfﬂQ(lf_}l Independent—

- Og ) Shnu} 'H'lﬂ"’ O oCTO | 0, O o,1,0 0, O
| - are Ii..npgr!y ~!‘nApPPhAph+= in. g3~
__ — | Given vectors are. (1,0,0) ,(0,0) , €0,0,1)
let o, B,Y be scalats .such that,
3 «(l,0,0) « B(o,1,0) + ¥ (0,0,1) =0
) 5 (o,0)4+ (0,B,0)4(0,0,¥) =0,
2 (B V) =(0,0.0) '
_ g o 0 POy a0
o @J‘ven vectors ave [.I- if). RS
3 2| Show that L§= §00,.0,0),.€0,1,0) (0,0.1) (23.4)F
b s L. D.oin R3 | '
k. — ||Given vectors are
L S= S‘(I,O,O)L(o,l,o),(o,ofl),(’2,3,4)§
= — - - - = T T -
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Llet - /B, ¥, & be scalats sach that

ol (1,0,0) +B(0.1,0) * ¥ (o, o-,)}' $(2.3.4) =0
> (,0,0)+(0,8,0) (0,0 V)+(2s 3§, 45) =0

2 (o(+25 B+3S , VY+4S§ ) =0_, 0, o)

> o(+28=o . B35 - -0 ~ V+4—£ :_O.
3 (=-28§ , B=-3§ . }=-4¢F.

Not all  scalars -' o(.T B .V 8§ “are -zero,
S s linpofl\/f olOPQ-r;Aer){A ' |
3l Show._that = (1. 2,35, (0,1,2) , €1;5,0)_(1,0,0)}

Given Vvectors art

s= §(1,2,3), (0,1,2), (N, 50) C10.0)3
let o, B. ¥, 5 'be the gcalars such tha,

£ (1,2,3) + B(o,1,2) £ V(¢,§‘,0)+ siigc) —0

> (A4, %, 30(-)+(0,B,2'B) F(V,5¢,0) +Cs,b,0)=o

3 (A+Vt§ , 244 B 457, 34+26Y = 0.

> o{¥I+§=0 , 24+p+5/ =0 , 34423 =0.

Given yectors qre L-P -




R

AR N
' DIl 8= §(1,00) ,(0,2,0) ]
. . ;{% % /S{o, PO S BEUSBRIATE NP

I
— () Given vecTors ave

JJ S = ; (1,0,0) 2 CO,'«’.,O)} ' : :
lak, o & ¥ ke the scalaxe such that

% (1,0,0) + B(0,2,0) =0
(K,0,0) + (0,2R,0) >0
(oL, 2B L 0) =, (0,0,0)

8 XP0 6o 2BT0 £, 84 HO

;. Given  vectoxs are Lineaih‘- IncJQpenden’f-

Dl Gven veehrs are |
ket Siend (0, M) gbititad D)) Sui)s]
oA, B Y _be the scolarg

& (0,0,-2)+ B, 1)+ U, 2,1) =0

(0. A, 20 +(8, P, p) + (Y, 2/, ¥)=0.

(BtV , d~B 42/ , =24 +B. V) =0.

5 1] . B+ Y10t , weBary 20 (o 72«84V =0
L9 B=-¥ , O-y+ur=0  o=2d*¥ti=p
s 02, {=0 -2 =0
* ol =Q

*,o(:ol ﬁ:o V=0 .
iS
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gy §F §000eYog (1Y, Ghie3 Y Fe RS o] _
b g == 3CkNd, 0o 2li 0 EXC it 3 ) F RS

=i Given 2" S =

ol, B,V be the Scalars —such that,

oL(1,050) 4 BCI, )+ ¥ (1s2,3) =0

(£.0,0) + (B,B.B)+ (V,2V33V)“—O.-

(oupﬁ“, Broy , B+3¥ ) =0,0,0)

d+p+%=0 it B -0 ", B+3V =0

A¥040=0" .  P=-2) -2 +3) =g
X=0 s B =0 | V' =0
S~ is. L1

il Given S =

of B-¥ ke Ttha sealdis ©

(X, 0) +(P,0,B)+ (0, Vs V=0

(o+B AtV :fsﬂ*‘) 0

AdtBx=0 Y, d#f=0"=Y BTG 1=)

== B+ /=0
=t #f+ =0 =2K-0
5({:;@ = "B': '3'&-"'
s {ig | 5d
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5) In a,-\jeg‘h){ ...QJDO(‘D.- P of ! POJ O % “
Fexn=Ripe e o[ i 7919(_)_:_,x‘—-;x." o hxi== p~x% 1y
are lineaxly doPPnoient

— | Given  vectors

e foxy=I-x  , gx)=x-x* hoo =-x* €P

where P jc . -yector -?Iporp of . pol.?rm’m‘faf;(’_

Let «, B,V be scalavsg such Ath;};

A FOU B (qu0) + - h(x) =0

3 ol(4=%) B (x =) +Y(1-%x*) =0

—y

D> o sdx +pX B> 4)  FxT=0

S (-B-F)x*+ (B-w)x + (x+V) =0a"+0-X+0

=2  -p-¥=0 , B-oA =0 A+Y =0

=t Bl BB 30

oL =~
h ?}S& =t . whewe  t 0 is Darameter

[ Ceiza  0peGeE ¥ ot @ e L H L

e = il oyt aid IS Bkl
7 gl p A

=N (- %) + Cx-x" D Syl £ i‘ "Cl)'“'C)

D U) £ (XY = (1=27)

o 40, gy, hed) are L.D.

—
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Qe b Touddim @ ¢

Givenn vectors

(O,,;‘2> p) (’/ -’/’.) * ‘C’a ?;[)
let o B, Y be scalars Such. thal,
oL (0,1,-2 ) HBCH=), 1I+(1,2,0) 20"
0, )+ (fzp BI¥( Vil YD =0
(Bt oL-Br2f, 2o +Bt) )=0
§+V;0 1' o(-lg-+2}f_=}o 1, - 126,88 V=90
S(==3§ 61 = P41, -0
adt G4 61 =a
=0
(=0 nioiotebs O § , 3
... Gen . ~ectorg. aqre LI
Note - . ‘ .'
bl If Ly 2, ) (e, e A5 (Xa ¥y, 23) qre | T, ff
7(', Y, Zy _ ﬁ
of Mpixdh  yEa; KO
P %3y S Py Za
If CalaN) (Xeby ) are S I_I T = Al

J X 7} , & J ey _
l 2€2 Yo ] & =% §
———x x ==~ .
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" I —
_ DI vectors g, vow are L Do (ff |A]=0
egt (Lo, 1), (9.0 0): (003D

| l o ' , 77.4_‘_‘“ \ C '~ ~—
5 2 0 o= k(o) +1 (o)
1 O =058 | a0
: vectors . are I.x’neat!y dependefu\
. 4| A non-zero vector s qlmnyg L.1. i-e V#0
. XV = O +then xX=0
A {V} IS . LI
] eq. «J2,3} is LT+
3 5 A zero Vector Is h'no-n_flx/ cJ_OPena,len'+.
| 93 {(o;o)}‘- ts LA =)
i e if %0 then «(0,0)=0
| Il 1f S<cV s aset ‘can'ro.ining zero ~vectar then
R Sis 1.D ,
3 eq. S = $(2.3), (0,0) ) then 'S {¢ J:iD:
F <ince ol {2, '%3-}- 210403’:
B =.> (24, 3‘,() 0
iy ) of = O ond Bis any scodqv
o DI Tf u v are (. D thén 'H;pi{ exist non-2ewm
A SC.J..;!S., o(’II_Z such fhat»,,o(u-i*ﬁ\/ =0
3 Lol = =BV _ _
- o ueeRn e on R [ g )

% = = o w e
o - d,‘#o - .
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=X » - - s I - - s —_— = - - — . o -

—

u'is _a_scalar mq.H-;P.,l:e D Ofb = g

f twe yectors are | D _then one of the

vector Is sealay mulﬁ{nl@ _of  other _vectof

If

U,V, w _are L. D then their exist non-zerd

Scalars L. p such thai | olu+ BY + Vu =0

2 Xy = —BV'—fLU
u= [_E V o+ [_—_*,))
N o \_o( /
‘vl sleF Do i
U= av +bw :
u 1S a lineax combination of l/ancl (A .
ANIL Vs Y. S : ;
containmag  more  _than N . Qlempnts‘ then S ic L.D
98 Sr\g 3O S ) CQ}—I)}C—E‘ 1$ L Dl
S = 1CR4B. 13464, 6,805 193, S Xy (5. 90 ) §+a RS g L
)l Lineqx déo@ndence Aeoenck not onlv on the vectoy
Space bu’r the #:pfd as well |
08_ D c(R) , o« geR £, | ol |
O(fl'""ﬁ"' =O‘I
A +IB =i0%x0.
<=0 , B=0 .
B0 5 T
w) C(c) x, €C ) e e
XU)+BLY=p -
xX+jiB =0 .

= x — r r x -
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let o= & B=
E Aalst =
1+ =0
- +44g Fhiddie god
U J
) | Show that the vecters (1,1,2,4) (2,7,-52)
(h-l,-4,0) (200 K - ' :
I If x vy, 2z are I.T. inV then ge'x+y
«x+72. axe alsa L T.
1 — ) Since  x,y z are | I
1 . By def " there eoxist gcalatg a, b, such

L & - SO s U A X

-I—,b\(/ +Cz =0

L Let * of, B, ¥ be Scalars . such that,
A(x+y) +B(y+2)+ VYV (xtz)=0.
2 (A+Pd= + (x+B) y + (g+V)z =0
£ ? But . o¢ KEVED 25275 1 1< 150 IR '
22 A3V EQ0 St R0 | PIREW =T
- o BFEB= 31
{ Y =0 <N
L g8=-L Y +1 =0
.Bso S d =0 . }}~=O

(X+7 > , (y42) , (z+x) are (.1,

-~
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- - T X - X T T = :

- -

If 2y Z oare. il Viothenolsesh@ylyzk

T & - 253 Xty =Fzaciimgee’ 1P T uscoy A
~ || Given voctors A ARytz X tZ }_.‘ Xty -—-32Z
Leb o, B, yoihe  scoloxg. . Stuch that,
A (2t2y+z) +B (i-fzj + ¥ (x+y-3z )= 0
Co(Xfﬁ‘Z-i—}/X ’.2&7._’_.;}7 ,oLi +,B‘:Z— —SVZ);O.
((1pr /) # (24+¥)y 3 (3p=31)2)=0
Since =,y ,z are .1 3
A+B+ =0 5 zq<+y‘_=o V14 o{"’ﬁ-3=-(}/"=o ‘
e S |
d#ﬁ_g@(:_o_ + (0.1 B B 6
B -&l =0
ip}rO(;
|| Basis of a Veclor -Space oo

Let V(E) be a vector -gpace . A Subset S of
s _called o ] ST li |

independent elements” and | V= L{5).'i-e-~S spanst
or _a_Subset S of a wvecter gpace. Vs called

a _basis _of V __if

NS g h'neqf.)}g ind@loé’ndénc]

i) - AELLS).
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———— —— =

Dimension af  Veclot Spacé~

_Number | of _elements .in: basi.

=

— ~c - a0

19 PO T D anthudy T

I+ is denated. b}:, dim \/

o

D

S=§(1,0) (0D} is bacic for R*

let o, p be scalarxs Such that,

A(),0) + B(:OJ)=O

2 («,0) t(0,B)=0

> (ot,p) =0
=) %=0 , Bp=0.

51((10)(013(‘ s O

v) = &

By def?, 1L(8)={d(1,0)+p(0,1) /] «.B € R

|

1 (45 B) Jo.B G'K}

i

R”. 2@

Sis a basic 4r R

This___basis s paH@ol S’fonclamL hoqm #w PQ

Dnmpn smn of R 7

Sz ECLOJO) (o 1,0, Co,ol_l)_} [S a; Siabdard
basis . for R3 | : - '

Dimension _of R> —3

¥

3)

 E0 0 T00e3.0) % 00,1, o,-...O),.--.. 0004 e ) jo

S

P —

H
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—_ X - — X T = = X —

- T - -

o_standard basis 4 RP

Dimension of R" =n

Show _that {(2.3) (0.5)} Is a basic for R

i) ei— L B be Scalars such that,

O((?,.B) -j—ﬁ o8 b =0

2 (24,3 + €O, 5B8)=0

2D (24, 3L+5B)50,0)

:9 Q-DL:O;‘)_3°(_+5B=O:..

% X =0 = oy B‘:O

SO (2 d) L RAE IGO0 R (o

—

i) By def”

L(s).= {o<(23),t[3(o 5)/«;3 efa?

; (24 5, 34 +5B) [ =, B €R |

= y) [zewt iy 34-*5;3’1

= R'Z'
. Soici o ohaetic for SR LA '
From (_D, @ 302,3), (0, .I")? “bacic farR2.

SbOU) '“"Cd' Sz_{_(",?0\_)3(17{010_,) / (O/I/,)} i_f j:CLf[S‘
| fr . R3. ' R R
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o - - b + - T ; - -
E ~4 !!gj; £ B, ¥ bhe iscalars Surh ﬂ'hai__
: o((] },0) +B(lo,o)+y‘(o,!,:) = - '
[ > (.0) % CB.0,0) 4 (5, /¥ I=0
1 S (4P ,a+l , V) =(0.0.0)
. /- : 1
S d4B=0 -, x4#20 ;. ./ =0
j = 'B:O.‘ X =04 _y't:o
4 S =4 (1,0, (1o, (6, 1,1 Fis LT —O
| By def”
1 L(S) = (11,00 ¥B.(1,0:0) #(0,4 1> /o, BIeR | -
2 = §(ot4B  xX+f, V) [t pri €R
4 16) = 93 = @,
- S ORAC, ‘
k. i(_l,‘l_,b)_j..( k.0, O—;>)._ Q’O/"JL‘J) ’i I.S bQ:S'J‘;-f =for 23
Theorem . |
) 1£ Szfv,,.v,.,....vn}-.ua_basis of- V 4hen
a evexry Qlement of V. _can be 'exores_cee'}
/ : - >
4 umr‘n Li as a_linear combination of vﬁvv...v.,'
L -J-Mcﬁ)_bp- a __vecitor space.
1 le b S‘—‘-f\l,,.u.‘_,_--.- Vn? be a BQQLKO‘FV
| By gdeflo: Niogiber Lol £ o iME L8]]
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simp- 1/ L"(S) J.4 0% Heiens
851|850 Ey@r:_ . b g \ . _bho
hnem combination __of elements in S .
"- )l"e' . —u. Y‘I Vaﬁ - P 51 Vni {
S R T ) v i L]

Un;‘q.u_prgp..'s.s —

Lot o £V 3 9 19204049

e V= ol U ody Uplt e(alza t aiodo vttt | ol &l
SU,DFQSP = ,Biu, +p’21}_2 ) ITRRrS B + B.. Il ., B. € F (

| L AL 7 ] A=

From (@ & £&) -

X,V +,°('2-02"' - - - tdnly ﬁ:u +ﬁ) Uz s A - +B'r.1 Vn

(=B YV (=B Uy + - - - an ﬁn) aboiel

But v, ,vy .---- Unvave r.70
de =PI 0N ax B

\V _can be un:‘qu,ol.}l prne.s.s:ec:l as a lineqy

ot \eombination * gf et Yoy LV ar gy
. Every o element in V can be exnmcreaf

uniquely ag a  linear mmhnnﬁm_aﬂ%wy,

Areoiem

i

jS.a +intl - Sub AT aVecn DAace.

.
#,
SUCH sie = Nney) NEreg XIS C {DNE

e 25 eS8 AL 224
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Dss
Page:
= JJ_J'F‘ S  Cpnsi » . = Iem e The
][‘E)er hQ.QiS 030 A and - Therefore - (L€ Nave

nothi nf} 1o pIove.. : |
Moy otk T bo a cubcol ,,,0 £ swch thot

%T spans Vo je o N=ETH
and T is  Such minimal subset —of- S'.’

L : “m SLLP.PQSEJ::_i_\A_,_E.L;- ) ‘-’-':}'
| |

Now  show that' T ¢ L. T

R \ S i L S N B 9 N ala — h That
- .
| "o, $aVy g - - - - AnVn =0
Suppose +0 ¥ for some |

\ u1|+hou|: any lass of genemm}z we can take
“ ol " Qxx‘st
j| :

premultiplying by of,

-1 : ' : |
di (_Ot’lUi - 0(2 U'Z. ; A L < c>\/J'J U_z'L _) :‘Q
4 > U + o, AUy + o, daly +- - . o o B Vs =0
4 T S I P Y
© - L G
. I} S adn ; RAL X _ 1)
- - k o5 U, = 3'2.{“1- 2 B.‘a"ga V- "‘"Jgn Un )

jot pveV=L (D
Loacty=c A, Hollh + otinls £l U,

-.a‘_ﬁ\-_

S = APIRUSHB LA s B PV M
s P in "7 v g 2

T2 & o

= (’_‘:?’z'}')‘z ) Vo ¥ Q VJLJ'VQ' )"{3—}' — '-‘*(-F‘p”"*%n —




Note[ 2l d}l

Date:
Page:
Qny. element of V i a linear combination of
Vs AL = Ve
T e ¥ ‘j 7 =
(ke -seh fa, oM i v.;E SPans Vagnis
which condradicts  our:choose of- T
Ouyx ,Lsulqoagiﬁon__ S wrong.
€. ofi30  js 1 rong
,..:-". V| iy llz-a.,'-« = Vﬂ qQre L ‘I' VQC"‘OfS-

i i L }inea_rl}: in d@lopndent and- V= 40
T _is Obagicl- a0 V - AFGrdx.-§

there - exist' ~a <Suhcet 2T of S which [s

bagis of V

Def” - A FD.V.S. ‘V is cald to have
dimension pn  if n ls number of elemenis ln

any bacis of V.It is denscted b}z dim V
0} 1 dim}__v

Qg. alimRZ= s d:‘m}?S:B 5 dim B” = n

dim C(R)=12

Note - .

NI A FDV.S. V. hacs dimension ‘n' 4ff n s the
maximum number of LfnPer}f mdemadﬁni_mdog
in any subset of V¥V

I dmV =h then any Nl vectors in V. qre L.D

3)

If dimV=n and v, ,vs,.... u,.,Jz are L.I. them

x> x =P x
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= Jﬁ; T = e ——— — =" - T r T x - — — T —
el micdanio LR

Given o cfor 2.4

are.. I

£22 1,28

(1, Ve - A0 160 dnpriog D

: Let ol B, Y 8 be .S‘C’éﬁ)!qr_‘;‘ﬁ..'_ﬁt;rk',.thaf;

._: £(11,2,4)+B (2,4, 52)+ ﬂ:;;n;—e}, a)+$,(_2,},:'1£ =2

! 2 (k+2B+/428 ;od-B-Y+§, 2{~58-4F+§ ,AX+25 465)=0,
[ «smtreesco , . d-p-figeo ., o -

i L 2-5B=4 '+ =0 ., A4X+2B +6§=0"

(@)

|
=
(l

/
/
ki bl Iy o

g Ro= Ri-R, , 5= Rs-2R) , R — RahR|
[z 2 PPadan]o ]

; o 31 1[f [=le

; 0U; = $rei€ <=3 4h WICTY, O

L o € -4 -2[[8] [o |

: i e [a T

4 g e-8- =2 hl‘ b’ _T'—'—".J_Ot

L o -3:-2 -1 ]|c [ o

1 o sotisir 21y A Lo,J-

X =
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v 2 T L b Lo,
y | ond w2 acldlB Lelo | .
J(‘;) @) O o V F@ (
lo O O O };.%J {,o!
Xt2p+)/ 40§ =0 TR VIR R
& -3B-2¢-& =0 > 3B +‘2V_+:S—;O
Theorem - - R
o ¥ Yg EDYS: and fv. A e v "V,?_',is the

hnearlv mdpoenclpnt v.:ubqet of V +hen it can be
ex+pnclpd +o -Hnrm the  basis o{-" N i '

~{V,,v¢_1_ - AL } -Spans V_then- it itcelf fom,

a_basis of V

.. _There ri§4 nnﬂ)ing arolll ID‘M_V@ :

Lokt Sterd uba pudonded win Vg yn}

" o~
== LT B o 3P J

T be the monimial -L.I. subset_of V. ...

To show that S ‘1‘_<: ‘bagfc of V for which

40 show that S Spans V. i-eiprove that V=1(S)

i-e. Proye that - every element  in V is alinear

combination  aof eleménﬁ‘ in-Q

et ~voegM obe any elpmpm_ then 7[

i P 12 o \/__v? L g )
ko

i Ed

since by choose of €.

e ‘v
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Page: o |
— . - ; y . = — : ; x - r x . =
A 2 There exist &, , ds , Ly X E E (Notall zero )
N such that,
i AN, FdaVp to- - . Fol VW M o= O
o To prove that o« F0
But Su{o{nnse A =0
s a{llL' "'Q_’ZV‘?’ 'l' 8w e e ia +ngn e o
i but s TNus N2 9 - o <-4+ Vniares ki I+
B " h{; =0 i
- which 1s (_‘oryl’radfd* +H =0
L. R - Y i)
L o exist ~ myevoad] | 3
=] X 3 : - .
L of” (ol ke Mg A 5 - D +o<,,u,,¢dy) 20 -
e (o( o(,)i,;t(i_cgiz +(a-&.,w,, xoV =00
et 9.m . V :(\—d-:#!) V! 1- :(— dﬂ'Lo("?') V?_ t" i - ke "_' ‘I_G‘a(h‘dn)vr} -
— * B: \/, + B?_‘V?- +" = GOind +_'En\/n ‘
i . Even’: uoci-o{ an Can be pxPresspd as a linear
) combination oF Aol it . i (3 S0
- L D :
if S Spans V |
il ,;;, S is a  bagis sei- o-P V
i : Fuey}: lmt—?nﬂy independent  sukset of
=4 ext1enclo 0 A1YN FHhe Dg a3
a = S o —
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I Theorem .

LI dimV=n ‘and. 8_={'\_]“\12,.'.- Tie VH_}_sF_a_ns‘_\L_

-

then S s a basis of V.

Since . dim V =n

: An}; basis _of V has n elements
Given that S=4V Vo, ... . Vig 3 and V=05

We know that, If < is . a finjte- subset of

vector space V. such that V= [ (S) then there

oxist o‘r subcet of & which js bagis of 1.(

Sfram (@) subset  of & will be a bacis

of iy but. .S containc - N elements

S itself fovms a basis - of YV

Theorem

1€ dimV=n and S:{{/ryzf. v,,}} isllady onf

Vo dhen S is. bagis pof V

iSinepli- S=d, jaycdvnr s Hipdielonapnls

ST - can be extended o fwm a kasic afV

¥ Sinee £ Vs  FDVS anc:l {u_u,” Ve b s
| .T. subsetr aof V. _then it can be_e&i_eﬂdﬂd

to forxm  the bagis aof V

But dl'm Yisin 0. Gn}l h(_,l_(‘lg‘ af V hCl._(’
n__elements

S itself form  a  basis of V

Note -

Two EDVS Aaver F nr@’iqmmorfphrr Iff :;he}; hqve
the came  dimension '

v o
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2llet W be a Cubconmﬂ .OP Aa__FEDY.s -\ then
“dim W £ dim V/ mFar}- = AamW fﬁc V=\W/
i 323 w=_§0} ’then

rﬁm W =0 e

chmencxon of ‘zero- CPaf'P-

ol let wml be a Sﬁlkstmre of _P-:'DVQ \/ Hhen

i - | dimension _ iof c'gunﬁent Lspace e dimV.\ = dimy

! | lan W/ —dimW
B 1f A and R _are. two Qula(‘na(es OP PDV(‘ &7

R then  dim (A+B) = dim A + d;m B —.4dim ADR

E and _dim (A ®&B) = dim A +dim B

L &)l W' s called (’OmPJPme_n‘i— aof W

A 7) Evm;z su_bcpmﬁ of: FDVS has a mmplempnt

rl AIIE W' s mmnl@menf of W in V. then ds

§ Aimw' =dimV- A:m W/

| oboliix

)
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Tnner “Product. . Space..’ o ng ~d2 10
DefP - Jet V be a_vector- space: Qvey field F
wheye F is field of real numbers or mmple,:

1 numhpeys ). Qg}xrmcp for anv too wvectors  y veEV

there Oxlgz" an__element (_u,.v) € F such
that, ' WL
1) (Uin Y = =f VLu) (i-e. complex conjugate of fv.u
—r 7 -~ e r T \J J ;= '7
2) (uu) > and (u,uy=0 iff u=gp
-3) (‘c(u+nv u_\ = X (Uuw)+8 (Vv,w)
7 M e i S
OR fu.nf A0Yy= (g w)t (vw) £ (Ay = v

¥ u,v,weV and ¥ £ BeF

This _praduct | is called an inner ,Dmn’“ri
The Dvnduo'l' qnftjlcﬁzmn @, .8 is called
an mnpr Dvnnlur‘f (mol = vector Space V
+n8c~-thpr g,mth an_jngner product is called an
Tnney Pvgdurt space -e. _Inner Drodud-
SPQCO 1S o vectnr .QPG.CQ_ over _the. 'F:p!al of. req]
or - complex. numbpers with: an 'inner product funch

Notiack Bomn o (e BFIR
y If E = field of veal numbers then the inner
ondur‘ij is called det Pfodu_c‘[ .

2) Jnner _product < space. over teal field js called
Euclidean space

43) Inney omrlucf space _over |, mmolex Fielol j
called nmtm}z cPace afefns :




P ” Kote[ =l 'H’
= ; : ! Phee s
= I ' |‘P:age:
58 D Shnu) -l'hcl'[' ln an _inney - pPYp L . Space ooy Gy
| (u LY +BW ) = DL(\A\/\»;@(UUJ)
i (U, turpw) = (AV +BW, )
i 1 = (VW) B (wew) [(utpy,w)
R R | | = o (W) FpO
: = ol (v,ud)*+ B(w.u)
1 L (Vu) + B (w,u)
1 | D \ e .
A { oEve () i (Y 0D
2 2l 1ot RH(R) be.a  wector Space wi-r--uUsual
4 Jeciox additian.  and scalay mul-bnhcaﬁon [-£o
k| e (2, v Y4 (x N Y= (XA4Xy, ¥ +—v_\ andl
- T3 Fpd Sy R S
e ford ('XL',‘){_> ::fo(:r oAy ) Do«Pmp nmrlun‘f
| L ‘[z‘ yi eloan R™. ch that ,
E = (2 )). (2.172‘)-6'- : :-,Sucs* Qa

(a,v )= 2; ;’(7, + v, 79_ . Show fha't R (R) ic an

| inner product space . w-r-t. given procluct.

let &R = § (% 7)/2762?

o -r-t- Ucua/ : vpc'fnf . {:!/J/}l'f’lﬂn 4:211(:2) .ffﬂ_la_}’ —

muH-iP_)iraj'mn

1) (u,v) = X% t Y, Y.

— . - e —— ——- - - - - -

—
_—
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Now (Vid) = (%% +Vavi)

U= when U= real rx

2)  (u,4) = xA, +Y,Y,

o %
= X, Ay 2o,

if (u‘u_-)-—fo' " @ 7(;?'4“1:1"‘_0

& A0, Y=o
s _ @ wy AgF0 ., Yi =6
T & o« U=Cuy ) 2(0.0)=2.0

(wu) =0 &> u=0.

3) let «,pe R

let u= (2, y,)

" V= (.xlzyo) "

W= C’f.q,}fg)_éﬁ

. XU+ BV = (9{: 2 Y >¥ B (25, Y"L)

= (2, «¥,) + (B , BY, )

= (X, +RAy , Y +BY, )
< ¥ i > p——pfie—)

L JAukpy, w) = (4% dprp s S 3BY)  [Tp0))

= (o0 ¥B%e ) X )+ (oly 2 BY, YYa

—
p—

XXy + BAo%3 t oAy, Yat BYaYs

S QA3 TANY3 BTNz T BYaYs

e S—



Note[ 2l %\ |

Date:

Srspee,

= s = T . 5 — — - - - ' . . 5 X -

1l

;>( C'X( 7(31‘- Y Y3 ) 145 C’fg'x_'; ad Y2 Y= _J

= A (uw )it B (VW)

Given Prr_mduc{' IS an’. _lnner pmdud

RZ(R) is an__inner PTOAUC'IT Space

D] let (cy=jlryd)=x,yec}.

-
, ‘ J
(20, Y, )t ( Ky, Vo )= (P 4%5 , Y +Y, )

0((21)\/;;) =) (0(9(4 ) OLH.) '

define Pmdurt TUE (LD e (,xp_,yg)ecz

rd

such “that = LU v > = 2 Ly +§!’L-§; show that

C1QC) IS _an innex Pmduc'l' 5‘IDC1CQ

— Let (O =§uyd [ =y ect

wid- usuad vector odolition omd scalor multiplicatice

O o luiv) T X, A+ Y,

VU = %X, + 9,9,

|
J
(_ ) s

)) ( ot ZZQ_? 7 72‘5':

-;é; .'2(, "”\f?.VI" i

N

T, NN,

AR

i
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A;_a - s ‘_AL- rl
S AR RS s b 1l
) X, =0 3 'Y;-‘-‘O
= U= (o, .,y )
=0 -
let t.p € C  and U= (2,.Y),V:=(xy)

o(u+'5'v_ e Lo ;-~)’,)‘_+__75;ﬁ°<m.’.§/;e.)

= (xx+@2, , 2y, +BY,)

CXUtBY , 0 = (K%, 4Bx) % + (XY, + 5Ys ) %o

! 0(5',;5+ 5;)(27(3 + D(Y,)Z:-(-B )’12.?3—

"

l<7>! (u,wjl% B (V,t‘o.)‘ I

-- (>iven P_rm;l‘ud— IS an inner ID_TQQLUC‘!"
c*(C) is an ‘inner pmduof ;S}D(JCQ.

Note —

These  jnner PmrJuo'} are called Sj'andaro! inner
PmAud : :
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@ let v=RrY L Us(,d) v=(B B )  Define
b product of (u.v) = & B - B-—dR

I s N i T | Yo
L sha@m: ‘that ‘“PR°Ofg tian  jader Prnolur-}
e 6 Wk e ginn Pmduc—l : '
| -l let oR™= §@i9) [x,y €R}
E (u,v) = X.ﬁ,‘o(fzp; _°<1'B,;+4°(7-!32
R <V,U> -~ B — B oL — B d, + 4’3 O(q_’

™1 1 T2 ] L § = . L A
=% ;B_g-d! = '3.2'471 _-B}d’) '('Q'ﬁ?a(z
T Bg o(l — Bgo(l —A'B}o(g B 4?’_)_0{2 ,

b =B, — AB, ~d B F 0B,
..f = du,v)
. {") <U‘lu> = 0(;0([ - °(7_°<] =1 9(\0(2 =k 4"’(’2,.0(’7_
i = ofT = Qhdat Gty ?
L 2 ‘Co’(ln—— 24, o2 '{'o(,.:__) '+30/21 :
= (=) 43" Z O,
! WU =0 &3 (=) 2+ 3% =6
~ = Q’('”O('?)l':oﬂ .) "(27_:0
- '¢=§ °(|_°{‘2_ =0 ) A =0

_@ . "‘\‘:""Q 119\?«:‘:.‘ —

—-
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= ;—#._ = - — . : T
S U= (K, 4)
=(0,0) =0
j let L, BER et Upv, w=[¥,#) €RT
: O(Q""BV = d("('; °(2.-> 1 ﬁcﬁuﬁl) .
3 = (do«.+ BB, o<,,<,,_ +Bﬁ7)

(duﬂ?\f '~0> (ceo( +BR ) ¥ - Lo<a<q.+, )¢

+B(BH Bt By 4Rt )

=i a (U,u.)) +,BCV,(D)]

. Given procfuc+ i< inney Pma(ud :S‘pa—e@-

-_RQ' 1S _Qn  inpey _space..

let V. be an inner Dmclur*t Space then Show that

_ ) <o,V =0 ¥ yevV
| | B £ iy = &+ yey 3 U=

let ¥ be an (naer :pmn/rm?' space
leb v eV ' ‘ e 1]
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R Lo, N> = oG gl "'Lﬂd\k\.\(s: o((kx,\)}\)
k. = AaROFINN T2
k. = O '
L let> U ENM
E duvS =0:3.808 t 4% ye
1 = <u, u 5 =209 -+ VIS an innei Produd‘ S‘PQ(’?.
. 3 Jiu=0. |
- ¥ | Norm' of [ a Vector £
. Def” - Jot V. be -an' innex Pmdud space |
L. veV then norm of (nr iens.th of v) X
G defined ‘as J{‘_\},-\f} and it is  denated by
L Ll |
- iPa “'\[“ = -j/‘\l VALY

1 Ll ] \J\'J LI 4
| ea. - 1) In an___inney product space g>

2)

?"’TT'TTW [ e ——




) N Note[ al g6
Date:
‘ Page:
' = Y o R Vs OOV
= O('< o(\(’;,Vr) =
= o AV, V>
= Lo LV, V>
= od <V, V> -
etvii® = Ja) 2 )%
Havil = |- NVILE -
OR _
<xXu+py, w> = X<u,wW>+ BLVwWS
If B=0

< AU, W> =,,o<.<'g,=.;o>

{u, av+pw> =

=  Luv>+ B <Y w)
< U, o(v> = O(-— .<.UIV> 2

g ui? = LAV, oV
it ,‘:°(<V;°(V>

Navh) = <) W)
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: Cnuc;hy ___Schwarz Inequch}y 3
4 ;’-".{\‘-\A Stajement — let  \/ be -—an . inpex Dmdud Sp
A then | {u.v>] £ llu)) -lv} = = T VeV
: — | Cose 1 —
p ¥ u=0 then .
. LR U ) NS SO
L and  Jlull = J<uuy =-J<0.05 =
;_ ) L. 1.5 = £ 9.8
.
g | Cose I -
E [ Lot 46
. PAVITE ITE S Kol
i et w =y~ 2AUAL>ou.
Hull“
i Swws =< V- Ry e BT G
13 y franr® Tk 7
E [ = <V \/> <Vr‘-'3) <J/I‘V) -._ (/)”‘jf') <‘/ _
- IR N
1 +<v 4> <v,u) L

lual™— yul®

= i <evS<ay

= VUV W 4 v

lu®

uj/>

- = ;1 - - —

————— - - ~r . =
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LW > SAFPT Ft S
. ull

Lo, J.\,-V”l"' _1.<U,V>l. #Xl b, WYy -3

[lull™

i nu)ﬂe_ [<uv>]? >0

all™ avil® > J<uv>]”

= l (u.v> l ,<\H HQHYZ::HvlﬁlpL.

> l<wvo ] < il Qv

Tnangl 1In pnuah’r}; _and Pnrpl-lelg\c];mm Jaw) -

| Statement =" lo¥ ' V "he'ian - igner. Pmdu‘d

SIDQ“O then

Dfhx ey ) ey

i) Ity ll”+ 2=y | =2 (hxiuy)l)

let V. _be an  inner Pmdud -@paé@.

Let %,y € \V4

Nx+yll© = < x+y xﬁ}

= 0 2D AR >+ <Yy Ky Y
* _!'L';ﬁ”?‘.—'r?("f;\_l:) + o, y> + |ly]|%

- - X T —
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2= ) ¥ s* C |\ I \
D\/ kaucn\/ sScnwartzs

< 1 %+ 2iiFiyll iyl

Wy l® < @l tayl)

x+yll < | llxl\l‘ Tyl —-@‘_/

This is.  called Tn‘gn,sle ,.Inpquall"}yﬂ oiy]

el 4 llyll = Sum of  the length of  two Sidk

of triangle.

x4yl = lengfh “of third Side O-f ‘-hfcmglé_

eq'“' @ shows thod third side s less than

cqual to the sum of the two gides of

1 triangle. ¥
i W) let 2,y €V

R R <9t+.f S Ay >

: {l K XY YN (x> H Ly YD
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- = I =n - I e

= x>+ <0y > 4 <°< y)-# Ihyi%

n 2ty * llvcH N ZRe <z > -HIVU .‘-—m(a
; ‘_]l'x'—y-HZ <z—y e o |
= <=r,>c> < o0 ~ <y, 2> + Lyy>
= H'xll = <cr Y — <°0Y> Hl‘/ll
= llxll2 _<xd>j-<wrx>j Tk
: = |loell i 2Red 2y > Fyl|FT ——(3)
- Adding , (@) Onc’:\ @ "

2y 1" +J)7c yH = 2 =l w2 1yl™

=2 (12" + uyll®) —&@

J

From @ woe say thad

x A oc*“'//
sum of the _squares of / X /
L

\Gncﬁhg of c:\l.aonnnl_(’ aof

¥

DQ‘TGHP\OSran n: muaJ

4o tpice  the sum of squaies of sideS of a

sSqu
qual\plog.ram 3

eq”@ is called Parallelogram law
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: * || Ortho 0q0 nathv
. Qrthosnnal \/ednrs |
| Def?™ Jet -V bo an jnner omdud' oc@ Twa
ecip g Yy aid 1o 50 oyihogons

u.vd=a JFE VIS =g

 Note -

D U _is nfthogom( 53 T Y AT L = MY A . orthchonaJ_

2) Tnner DrorJuc-l {0, v>=0 4~ veY

AN 15' ()rthngnnal 'Ln every . vectar in_ V.

3 { ueyV je¢ nr+h05mnnl,-m every vector in %

L ie. (u,v» =20 uas eV
2 {u,udy =20 -
= U=qQ.

O yector s onl}: vector —in V. wWhich s

nﬁhosnnal v all vectoys in V.

4) y IS .or'l'hngonal oV is denoted b}; -

e, o 1o v

[g Or‘th@gqnaf Set - , _

B Def” - let VW be an inney Produot gpace.g
L. W be the Quhqoacp of V define

L W {\)FV/(UVB =O]'bLU€WJZ

: then W is Ccl“ch Ofﬁ:ogob'dl. Set. It is denot

by w=

—x T = — — =X =
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P"t(re
! eq.- If W s qubcnacp of an - innex. omc}uc{
—j{h , Spcxcp V__ then qlnouJ that w RS QISC a
- Subspace
3

Given that W i< a Subqoace of an inney

pra duct Space \/

B};_ dpF” W= fve\//<uv> = Q0 ~\7“ue\/\/;

since oé \/

and <o,u> =0 v uew

6. 01 u ¥ rgew

o€ Wt c V

W'L LS nmn—QmP-t}/ Subset of V. —0)

let o, B EF u .Uy € WE

<U!,u> = O 2 <_(‘!1)u_>=0‘

2L oY, 18U, us = oy ,ud +;3(<47,,u)

(Xt O % B (@) . :
= 0 ¥ uew
S AU+ BU, € W Y AR EF. & U UV
' w e ~ l -2 | i’z
- _From @ and &) ,
VY Ll Su};é}onr@ of v
Note = Wt i called _-:orﬂﬁggna) Icomp}imen{

aof w

V=W ewWT
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- * | P\;-}'}m%nnns. Thearem = , |

k. let \/ be an . inner Pradur,zj' Slodré.-iﬂ)—

N, /)Such that 22 L Y then Show that ,g)zfy,g)"’ﬁ),)z;

. =l lek VvV be anl innex ]r)mrluc'\'- Space.

R 'Lo\:'x,\}:c- \ . " such .thn"l; % l.}«

E 2 {xy>=0 = <N, %> 2 (D)

:_ consider

L lzx+yn? = {zay ;o 2ty

! = {2y 4+ K,y + <y, x>+ <Yy

hl = h‘x\l'z +0 t+. 0 1\7“1 —— From O

y = ) lyll> et D\ XY

'y .-l £
,;‘,

. This (s called = Pythagoros Theorem

Orthogona) . Set —

J .
A set iu;} of wectors in an  innel Prcr»]uc’r

Space V. is said 1o be orthogonal i
I . . J .
Ll ol 332 ¥ Oy

) 2
_eglf=2), (_2,,11§ R
CL-2) , (2,0p = () +C2)D)
= Q-2
- - TR
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=il 61,520 _l_ LQ_,I) , : f J
- $0,-2D,(2,0)F 15 corthagonal.
C 3 7 J
Orithonormal  Set - '
Def?- A set. ?ul of vp(‘+or_€ in_ an _inney
mroducf.' cpare V |§- S&id ~ 1o be o01thohormce
l‘F nZ U U\ =0 N [
e i B J/ r 7
e Ui LUy v ( =+
2) (U{,u‘i>—‘;[ N °
1-€. J](J-ll = | -7
eg.-1) §(\o 0), (0,2,0) (0(3-,3)363423 Lok
u~ 10,0 V= ((0,2,0), w= (60.0,~-3)
Inpe €  praduct S_IDQ,C-Q
> | i Let u=(lL,0,0) V= (o, 2,00 W= (0,03
U, V> = £ (10,0) , (040D
s )
{Uu,w> =<0, (00 -3))
= 0O
{V,wy =<X1(92,0), (0,0,~3))
=0
Sy v uw)y st oarthoaonal
] 7 - = J‘ N
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A . o - T Y =
% e ——

lull = JCuad = -\[1-:,0,0).,- {10.O> (-

- T

-

“Vn 7= »{(‘l/;—) =-J<O“2,0>_, <0,2/0>

= Jo+++c;
=2

Iwll = KWW = [Ko'e,3> <o,0,=37

= Joro+g

\!

3 i 2

nl e, =€ | o, =Cpu)f

Fa

=l let €= (1,00 , e,= (0,1)
considey : | &
| <, .03> = <0,0, 0,07

= <07-O)

- i

”Q! “ = \'/Zeue‘I)\ & V/«‘l())z(d/a))
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JLeo | = J2er ey = r//u-u'\ e\
2 N =& 27 NN 5 A
| = Jo+
= 1.

L 3er=10,0) € =(0,1)f is  prihanormal’ sel

3)

letr V. be the yeagl wector Space aof rea'

paly nogaials — of cdegree less than ~ar equal to n
[

V.25 S axi larce?
L L; I i 5|

__ 0
i oo g ety
, Gy, ,
define  the inner product on V by

. . n Ll 6§ S TR SRR IS WSS < 3
{ozaiz! 17 bix! )= > apbi; _
C =0 . 1=0 J=T -,‘;__0

I e Qo g e 0n®s .
4 ’e

+Apx" , bpoth, 2 thyat4 .. .. 4h

= qﬁbu 4
‘then show that — {1, =, x*
oithenaimal séet

L, x> = {J+oR, 0+ 0FD
k. F T 0] neEn0

3 -0 -0 & 0-)
=0

¢ 2t oy =0 4~ 1F ]

—
—
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Lhdhnan LI)iZ ),

(z, %> = L0 +1'X , O+1- %>

= O-0 + 11

—_—

Lt xTy = LO+OXFLxP, 0t0. X+ x%)
= 00 +0-0 t 1)

Smm—- -

Sl,.'x )= A ?cn% 1S an m‘+h"onnrmaj

Subse’r of V.

Theorem =

let S be an orthdgnnal set  af  non-zero

Vvectors  in an  inner. DmrJucf space. l/ then

S.ape lin?a-rl\/ mdpopnalprd' «S‘P‘f

LokeS 2 Sk sl o b T an
At

vt

'Or-fhqur)a! set &£ non-z¢(8 \/@Hom n ab

inner product space V .

By def?"”

4 . %
<Vf 3V~J.>:O ol |

To Show thead S' i€ LT

Let' oA oy oo ol he  Sralave such thad
T b | e = = T
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Now, Al VitaoaVat.. . +oAaVny, oV, +o¢,v, + og,)é_,i g,,, .,>
R N N + Btn] % Il vn)) ==
> ol dhvillt=o i hRe -0
but Vv; F0 ,
_ Lvi)l> =#0 il |
i 1220 1 D.ux; =20 (LJx i
. o Edy=- o = An 0
s Thelompde oS oS il don AW g M ge ] L]
: (nrnllaav Fra9e. AR LT Tors e 20 9.0

i

An - mthn normal - set in_ an inner pmdud SpaCe
asio 1odp . ‘ '

lobt . C be an  oOrthonormal set in agn . inner
product f'..;gf)r_iré \Z : ‘ b ye

. S is oithogonal set oF non-zero vectors
1208 is loBos ed

Note — -Fver\T;‘. orthmgor'ml st - tpith ‘nen-zé€ro
_\ectors in an inner. 'moduc*f space "V e 1.7

but every 204l o madk neerJ noj; be Q[jbogonql

J0U.1), L0} C g?_gg)

|l"-‘"'| 2.0 . (£
=y o _ | ‘ , - :

|
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$CL 1), (t,o)j e oV

s £
But nner ~product of {(_’1_1')_,3(1',.0)’}

(1,0, 0,0 o= 43 F1°0

——
—

AT DR A5

y, (1,0)3 i not orthogonal,

T~
L

Rut we  can  construct  an mthggonal cet

and hence arthonormal St {rom givpn

lineax l‘}/ inde o@ndpn-’r cet .

“The DTOCQS& of constiucting —an' orthogona

set fnr-lrho_normal cet) from given linearly

lndpoond9n+ set  is: Callod Gram Schmidt

Qrthoggnolizqﬁgn f\or'l-honov_ alization ) process

i - Gram _Schmidt  Ortheg onalization  Process

B Ctatement — Lot  AN.-bel g non-zero ‘inner
e ovoduct  space . of diamension n - then
e V has an orthonormal basis .

- — || Proaf = Given that — V i¢ an 0~ dimension a

inney Pmduc-t space

O s ennugh 10 construct an drthoge




> = =X

-

! s :E .‘_".-‘ . ‘ . s ) 3
orthogonal set ther

1" For let S <V be an

Lot Sy, v o} be o bisic of V-

Stepl - Define gy =1y,

. s 5
<v; v}
S-}-e'pn — w:2= vz _... K 2 I%o)‘»v‘
vl
aE Yy — sz,u.).,}_'_ 2,

:( ‘<w1: (0,7

(v, = e, 00 1y
'{W,,w;) /

£\
B
%)
c
N/
1l

Now . Cdn.sider

= ey

'( w,-,_ w’). '

= Ve w ) KV, W,

:.O.‘ 7
<w'2,UJ¢> = 0.

AN [y A B0 POt 10 O T
. S AP
- also- Vl-:wz— + <;i o lt~ "V
’ ‘SVI'JVf)_ : , _
Vo= oV, + Wo where o = V2 W) 5 <, VY,
: ' - \ <N[le> <vll\4/

T T

. Gt £.6 1) Y
é L<\{13Y‘>L$O==- T — = x == — ‘1




