
= d, (-x)
iv) (d-B)x = 4x- aBx

thqt w is clo,seJ undP.

rn

b(
rn

_____ii ) -T Gz<) = -T Cxj

-o€ v
,





Hotefa,
I )ate, 

-- 
-

3
l'eg"'

t-Ltrr

vllz = U,V €V

rn

-?

rn



-t =' T l'.q-'
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\+'./
scal

then V is sqid
JI

t) ("(+p)2a-. = o(z t Fx
z) C"t)(x+
3) (dB)z
+) l' a, = x , I ris unity ofF

-'. R is not closed to . v-t ' sco.lq r rn u,lti licafion
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t) Let (4, ,42 ) gr. ( F ,9

( F, + /,) t + lz)

cr* G 4z*

, dt*+F

=tr x,F =CA

d, (tt | 14 z ) .-- (<<, , 442 )

' thot (v , + > is . qn o,be'liq n 3 roq P'

z) Let Q= C4,,42) , V= (F,,Fr)

U+(v+(l)) = (d,,4"t) +

3 CJ, ,otz) +

(dr +F,)+{, (4r*F, ) + lz

+ /z)

Cq+v )+(o



-Jr=k41 ,-4+ <y

Fot 'rL = (o(,,C2 ) cf nol .. .

C'/, t9, l "-(rt L)

t.{r , Fz*"L

+ Ld, ) o(,

rn C€ q : c4, ,42) e v ,deF
= 4 Cdld
- (44 44

V is cl osed a)-Y't' scqlqt rn U ltt licqtron.

T) Let 4' P €F q = c4,,42) e v

Cd+F) q - td + ) (or, i dr-

,F

V+ isa

rnuJti p licafi'on



t

(<4r *cF ) "(,42 4

C.ta' i d'42 ) + (aF,,

=d(4,,42) + 4 (p
=- {u +4v

(48 )zc= d,

U=

C"(F)q = CqF) (,{,f dz)

\ Jisftr bdivf
"14, + 9"(r r 4o1, f F4, t tatr)

= *, t{ + BU

g) 4 [e+y)=4xt4Y_-
Leb d€F , u=("(rr4z),v:7$_,__-

(4, ,o(r-) + G j Fr)d, fu+v ) > 
"t

ol 1 + 4z+ )

(,(p )4t ) (aF ){"



.;
qlq

l'7=7
[= c, ,42 ) e V

l.u l' (q, , 4-)
(at ,4

De€in€ f andc aS
q+V 

= c{ r ,o1Z 4n) +

d,+Fr ) dztF, ) ) 4n +F

"1 C"t, ,tl L ) ,dn)
o/o(r r 442 ,4.an)

'F
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= fcxl +

Leb , h €V

+x€

f+( +h ) (t)

fc
x€R

Nou-r cleo,ly ct 5 f + I ond ('f qr€ ogq in

req\ volqed Continuoqs -Function defined, oA

Lo,lJ
.'. v is closed trr.r't. vecfor qdd,'tioD and
Sccrlar rnul ti pl ication.
r) Asso cio,tivitY

For qny x e to,l] uJa havQ

(++ g ) +h I cx) = I C€+9 ) cec) + hczl I

Ifcx) +9(2c)) +hcx)

fcac> t I Cn) +hcz)

r,) FoY ur 0 defin€ q-frn ch'o n
€ Fotr

x e [o,1
.x=



(r+o ) G> €cx> +6 Q)
fcx) +o

{c*
# €€v

3) For qn {ev w? de€in e -[ f*o

-l ; [o I +(

Cq) -= fcx

F+ C-f ) I c"() fcxl + Cf ) Czl
F cx1 cx)

(#+
o

= T(x)

+) Cornrnu toti v itv
For on) x e [o,t]
(f+q)c<l -- fcxl + qa

? Czc)

Let f, eY

t f cxl
\ S >\i\>

For any SCclors d,, F c.,nd {ev
f cx)
f

"(f x) +

o(

) t(d+ =4€ +e{

"<{ + f)x



d) For o.ny scqlar 4 anol f,geV

I 6(ftr + gj.l ca ) = c( (f+ Cx

= ( Lf@"lc*rl

=o( fCzl +c( 3C"rl

= ('rf ) p(.) + 6"{ q ) Cx)

= Ca++'tg-)tr(2

+ o( (f + g) - 4.€ +dg

z) For ony SCq[crrS "(, g , ,q@ g

(dp){Jc*; .- (op )-f(,c)
c( ( sf ce>)

= d l(r+l c.rJ
L- J

d, ( Bf )l ("C)

) C"rp)f o{ (Bf )

ThuS V rs a V€c*or sPqce ovQY R
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oith entn'es {rcn fi'e ld F -for rns a Vec+ot Spd c e
un d er rDotrix odd;+ion g sco-[ qv mulh plicqfion
of rnq*ri ce S.

O.X = O ii) d..o = o
ii,') (--*) z= -(*tc ) = {,-Gx)
iv) Ca-

Let oeF qnd xev
Now o+o = O

+
)

+ O+o)x = C).x
since v is vectot's a(eo-L lo-x = o-x

O.7=O
O'X +o'x = O-xtO

For d eF ond oev
O+O = O

o( (o+o) > 4,'O
o('O+d'O = d,' O

d.o +o(-o = d-0+ 0

d.0 = O



iii) Let d€F )"xeV c,_&e F

d+ Gd) = o.

C,x tc{)z = O D',<=Q

ttY
Cr()z +o(,7- ='Q

(- "t ) - u is an addi*i v e inv€yJ€ o€ N x
I

(Da

Let c{ €F ) a<tV e -X eV
clr'ciJor

xtC-z) :Q
ol f x +r-zc)l -6(- O e

L J

4.>c + 
"(. C:C) = O '.' V iS vectov spoce

lrtY 1

"((-x-) t.{zc:Q
d C-x) ir an ad.Ji*ive inueYs€ Ot dx. I

Gd)x- = -C"<Z) = o( C-"()

iv) Let d, F € 7 ) :ceV
I

& C"r -p)c<) = (x + Gr ,) x I

= '<< + q3)x
= o(,t - EX
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-l €F

= x+cy) €w



o(x +

+ z(+v eW

deF ,z-ew + dx€W

4x €W )P\eW Bv Def h

+ 4zrFY eW Bv Defa

conv€rsly l€( the gircfi G,ndtHion hol J i)o l,r/

i-e 4* + FY eW + 4,Y eW g, q,l3e F

Fov d= P = I

Let X'"1 € W
,'. x_+y = 1.x-+lt{ €W tf- X,yeW

For S=o ,) o(e F ,: 7'y eW



c(x e EF

W is closed ur'r.t- SCo lq r mq I ti pl f coJion

W is subs ocQ of ,v (F)

Exqm les I

Let
ur.r.t. usuol vectov addition & sCalor mqltidicaiton

Wr = cQ, o) I o e R
defn Co, o) €W

=w, is s qbset of P2 
-- 

O

CQ,

u+v = Cq, , o
€W I

UJV €Wr + U+V EW,

(1-- cq,o) 6: wlLet d, eR

rt €w tcn)
.: o(e I?.Oe

@, Wr is a, subs ce o€
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ew

r5z 2zr, +3 +57 =Q.

.'. Uf tU Z = ' (xr ty,,zt ) + (ztr, Y. ,Zz)
:1r+Zz)

2Cat*zu)+ 3CY,+\z) -+ sCz,+2.)
= (2 7(t -F 3Y t rZ, 2Tr+ 3 +577
= o+0
=O.

ur +U CW V u,, vze U/

Let 4 be o -scql or qnJ u=(x,y,z) e W
2< +3 +52=O

&u = C C>(r\, z) = (4 x, c( y ,Xz)

zco(x) +3Cc(y)+5Caz) = dCzx+3y+52)
: 4-o

.: c(q e W +
= O.

a Scolo v & uew

.: Frorn e,e ,@
ore o€ R3vd js SU



3

-.Shn,u) tf,.,t \n/ iq
..r, h c bn re a€ Rs

) Ipt F<9= $rr,v.z') Ix,\,zeR l i.c a'veclof'.eooep
tr).r - +.. n crr,^rl aAJ;lion r.nA .€Crr lar tt'trtl+ialirrr'fi^,v?

I

Let W

By dQ{n
(o,o,o) €W -c93 f

\^l ic a' h')n -ornn*w (rlhtpf- n€ P3 
-O/

l*o l- u, \t G W . ta U, = (X,, Y, o) , U'r (Xz,Yo-,O)

e,*Ur -- (x1lYr )O ) + (xrrV-,a)
(r,+zcz) y,t\rt o )

-- urtuz€W + u,vy€W 
-Ot

leL o( ho"(a .eralar anJ u= (x.v O ) eW

e,U= dCx,y,o) = (an,o{YrO)CW I

-du € w tt q isScalov t qew 
=.=@

Frnm fi,e) 6)
\r.( is qrrhqr'c\ o(o ,rf ' Rg I

I

-?1'* :.:'' , :jt" +

I
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Lef t{, =l(a,l ) e Rt' =xL

By
_)

) € W c P'

Let ul ,QL e U) Ur Qz-= cxz,lz)e t,

Qr *Uz ^, rr \ t llY4 t 2Y 1)-r\4'

= Lqf +72

{l+Yz: ,(,u*2(z + (x t tz(

Y,rVz + W

Cr,l), (z 4> e w
+)

=2x x € R
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-41 ito+ Q3,5(x.v z\ eR3 /x \t.zee\

Le V Y{ = l( * ,\, z}g \ --&z(, z>}T , 4 1

t3v d,e 4 n (o, O)o) € P3
(oro, ol e W

tn/ is. .(rlhcpl- a( Rg /i\

u,, uz_€ w v, = (x, ,4, 3t, ) . rt1--Lx, ^772.3 r- )

'u1+q?-- (r(,,Tx,. aa:,) -FCz,+zz^ rqz^ \

= Cxr*2(c ) lZ Cz, la.' \ F 3 ( >r ,*7/n r?-)er,rl-, \-r./

U,r{e- e W , q;*(r€W + Ut, U2 e \AJ 4-

Lek d be a, Scctlclv , U Q W then, q ,. Q, L4.'3..>

&rt =dr (zrZx, 3r() = (ax, Zolx ) 344) €W

c{u € w

*4\ \A/ l-s Sulr\r;c., P tl)'t'1. Pg

\^/ = lU,y.z) Gp3/ x= Y*7?

Le t w = f Cx, t/, z\ e R3 lo<-=y +z ?

By de€n (o,o,o)6-B3
\co,o)o ) e w -s R3
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.: W 'S non- empt .sq bsbt

Let u, ,Qze W ) Ur= (x,,y,,2, ) QvCx' ,forZ=
xj = Yr-i2r X*=t/2i ZZ

UrtU : Lr(,,y,, 4 ) + (xz) y z,Zz)
= ( Z,tZ +z

Cqr**z) = cYr*7t)+(\z+zz)
C y' + y + (2,+

ur+ u CW + e \A/

o< l)> d- (q,tl z ) 4a*,o( dL)

ot-L: cd cv+21

o<U GW w scaja rs o< g u,e w

W rs S{bs CE OCR

z> € R3 *z-;-$ +Z:Q

Let W= '7r'l 
rZ> e R.3 4x - 3t*z

By de€ rt Co, o, o) e P3
.'.(o,o; o)€W gR3

.'. W is non -€rnpt subs et of

=o



+ l),t Vz €W

Let( be oscdlcrv and u-- Cz,y z) ew

I u,r\lz€'w )kQt= (z,rY+,zt) ) Llz(zz,yz,zz
4xt -3y, +zr=o ,**zcz -3y z *Zz >o

UrtVz = (2, Zr ) + C7.', Yn,Z

= Cxn*2(2, ),*Vo,, Z,tZz)

4(q.t*rL) - 3(yr*yz_)+ Cz,+Z

+ 1 +x- - 3Y- +z

--O

4x -3Y f7=Q

o(q =o( C"r,'/,2) 4x .,dy r4z)

+Lax) - 3(av) + Co(z ) = q ( 44 - 3't +z)

.: o(q € W



Notefa >'<
Date

Page:

.oe

Lef urv e wr nv|z
U,V €.W1 dn c) U,V CWZ+

+
+

U+V € W +Wz

U+v € Wr and u+v e Wz -,. since Wt&Nzq

VCW {'t w + U+ V € W,frWz

€w AW
q€w q €w

o(U e W'., o{q e w
c(qeW W2

c(U e Wr fi\Nz + u€w,Qwy & o-ll scalarc(

Wr 0We fs closecl tr:'v'{' scalar met} i f iccd-r'on -(

+
+

-!f,-'-r.J1-.r: 1

zeP
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For (o,o,o) €w c'c

-: W r Ls nol- ern s Llbs,e I o

t-et
-O

U = (ztr7.,Z V= (=i ;z;,zi) € Wr

U+v= (ztrzz,zs) + (1'rz) zt)
zt+z t zr' .lZzt Z" €wl

U+v e W + r.l ,v eWl

c(11 = (2+i) l+i , J
f+l -5 +3i

01 eC uew + o(U

=t(Z' Z1 +Z =Q
W2 = l(z' , lzttzsee

Fov (o,o,o ) €W cc

W2 is non -e m subsef of Cs ----e
Let (J= (z -21 tz ) , V=(zr' , -=r' , 23) eW

(2, t -z I e zs) + (2,'r- zl, zs)-'. t{tv =

zr*zr' +z :>



u+v e
' \ r. is clo.cpJ ur.v.* , r;pc{or' ndrli+;nn

Let ol e c c\nd u€wz

d[.,1 = o( (=,r-Z,rZ3)
= (ar, ) -dzt ,o(,zE)

o(€C, (leW2 + "(u€Wz
\Ar- is rlo.ceJ uJ-r.t- Scalo, rnul*iolr'cafron €)u

. frorn @, @, @
wz- is o sqbspoce of c3

iir Wa = t (2, ,z-, .zr\ / Zt *2" = | ?)

Wg= 1e, ,zz,Zz) lZz=l-2,7
L

Ws = l(r,., 1-zr,zz) lzttz.qgC?

For Co, o,o) f ws c, c3

-, W15iS-n€Jt-emp+#+ o+ e'3 -4

We i( nnJ a.subsnr-r.cp of C3
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W +W 15 non -em subsef o{ V

ew

x+ = ( u r * Ltz)+C trt, + rr.:z )
= [qr tkJr * U)z € W,+ Wy

wr &'wz qre sqhs ces.

-- Wr* W2 is closed uJ.T.t. V€CTOV qdd*io h

Le+. o(e F , x= (u,+(z) € WrtWz ohereQ,€Wr,
Qz€Wy

C,x = o( (u, +q
= ol,.Ll r * dU € W r*W2

uJt L Lu 7 a re suhspacre.r of v.
dr2(_ e W r* Wz V d. €F , 2c- e W,+Wz
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Sin ce !t = Ws + hlz + irnplf es thq I
of v con b€ €x pres.Se d as .Sq m o F

Wr qnd qn Qlernen t o{ Wz .

AJo to +o shorD th qt +h,3 Q7< Pre-sJ io n
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eqeh ete rnen L
CI n Qle rnen I Of

i;. uniqug

uJl + UtZ (Dr' + lilz
(lJr - kJ,' UJ,, - W

u, uri €Wr
on o[ (r) , u)"' €W + (!)

I

+

+ (.{l, - [AJ,t

- (IJr t W
I
e

tt) I
. 
= t0,, & ruz



Def n -



Gven -T: Bza, Rz

LPT [= L2(,

de€ineJ b T(* rr4z) =(4214)

eR3

?(s t Yz

azt 4r ) + CY.rYr

(x 1'T Cy, r Yz

:-T(u) +T(V T U,V €R

-T Cqu ) =T d Cq, rz._z)
-f

o(4

V=

=f

= Lztz + yz)

-'. Fron O g@ T is a*tio€er t'ransAr nqfr'ofl .
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, ez -. o3 --l'.-L. ^n

6iv en -T: Bz -? R3 is define.l b

LQt (l= (x Xy v{Y'tY

Ttu+v) = -]

7, ty. .,, ?,*Y, *z(z*y^ . ?Czi

= (xr rr Tr+x, ,42 ) + (Y, ,Yt*Yq r

= T C7, tzz) +T CV

T(aq)

t )(r rd ?(t)

.'. -f ls o. li neo,v t'rqnsfrr w;oti on.

= (xr ) xt*z.2t Xz



Given D.' V-*v defined,
= af

="1
4x

=df
d,z

-Dtf)+D( -o
Leb fe v o( e F

-'- D Cqf ) :- d dF
dx dz

f,rorn C ,



-/r r t +'Tl rl\ *t
l\9.) I L Y /

:
{tyart'tVr-) + {l+"(;



It?(

xn+Y-

.T is not o. L.-J- -

-T: R- ? 3 such t|ro* T cz ), = C?, z* x3)

Lef x,\ e

T cx+ =T (xry ) (x+'l)o., (n+7 F

Tcx) +Tt xn Dcg +-(

: Cz+y

-'- --l- Cx+ y +Tcx rTc

+ y3

x+i = 2(.

xr+?Q123



))

i;i ) C suchltrol , TCz) = z

. :l .! = qt=- Q+tt)
i r(u+v) = T Cq+ ib *o' + ibf )

T(a+(a,+iCb+H))
= (q+ et- i ( b+A

-1f [u+v
'\ r,^J- 'tr -A-uih ,* 'hO l-lto .Qt

(

-a

=o( (c. [b )
: c(K a+ib ) )
: x.T(u)

Fnom A g. @ T is ) .'T

v Given f; ( r C s,t- T Cx+iy) :

T(utv ) = T(a+ib
= Ti;o' + i(b+b))

-/= a+a

T Cu) +T(v ) = T Cqii b ) -tT Cq'+i b')
(a) + ct'

r cq+y ) ' '|- 'T cu) +T (v)

= T Lq Ccr+jb) )T (aq)
:-f ( <q +o(;b)
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a
o( Tcu

Frorn O & @ T is L:T.

vi) Given T: R3 - R+ 6uch th crj
T Ca, ,42-, 7s) = 21 , 7 7r*Tz , Xr+Xztvs txz
r)-LeL Q= Cx,rxz,7s ).) V = CY ,\-, Ys) eR
T Cu+v) = T((2(t ,/z t4 Y,Ye,Y

?C^c +Y- , X

Zfr *Y X t*Y, *.z(e-t Xt tY +e(z+Y o t%.
73 *yg )2

, x i\ z+ Y-i-Yn_ X r1fl;Y ?q"f,Y, +Y"1

z*sf Ys )
Notr,
T Lu} +TCV) = f (x, ,x, ,-%3) fT Cyl yz, y

= Cx, ) X1*7y tX, +? zt:<g , 2(g )
+ .C\, , Yl f Yz ,,:r-Yr f=Y2*Ys ) Y*)

?, fY X pt-+Y, + 2(1#X,y*VttY +y. +

I Xz*
'- T Cq+v , 

-I,Cql +'Ttv)

LeY !( = Cz{ Kr ) d. be scatr-ar
-r X, ,4o rX

T Nx
alX

o{ -r C*,
d'TCu )

Fro rn

T Cct L.t )

fYrI

olx\
L

x
4

T :T

tXz



loteF.l
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x.

: \/ --)

-t i)
o+o =Q

T(o+o)=lro)
T(o)+Tco) =f(o) -T is L'.T.

-T(o) +Trol ='T(o) + O 6 i5 an iden*i*7

' .. nceflafioo lq

i T (x+C-zr) =l(o)
Ttx>+Tc-z> - O "'-rls 

L:T' & T(o)=O:

illY Tr-x'l til-r x I =- O

-'- +<rc T1x):i-cx> f x eV.

ii;) LeFxty e V
-T Cx-Y ) = T Cx{- cr; ) _--

: -Tcxl {--TCy) T- /r L.j
:T Cx) rT (yl --' Frorn @. +x'le

I
I
I

-NulL
bp€n - | p* -T': V -+ l) bo Linonv Ty."n.e{nr rna*?l

h* Hamornarohi.srn) *l,en l{pvnpl aQT i s Ao€inz

- KetT lveVlTctl)=Ol
is .tlqo calleJ ntrll .encrrp o{ T K leyT
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Since Tcol = O
Oe KerT c. V

Ker-r is non-ern sqbs e+ . of

Let - o(, be a sco.lar s and Let u, v e HerT
I -T(ul = c)

l-Oncl 1(V)-O

consider -f (<q+ = o(TCq) + Tcvl '.''l-' is L ;T

= 4 (o> + (ol
= O:*'0

= O-r

scalq rs 4t

6 Let -r: f 40
and b deF n Ke r-l- = vey l(€$ TCv) = e
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V = Domoin.Ker o



d€
dx

ker D' fs +he se+ of all cop$*qnt fqncl-roDs

Giv€n. f '. R2* R3 cleFined b

TCx' V, 7<

=o

Ca,v)eRL I -T 7,\)-- (o ,o;ol

). gR" ) = (

x

v)

. ke, T =
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I
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Netel'"1
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l'age : __

US

T ).)) = \+>,)'

t) ,

rr- I f-rPr-ifer-'.r -

i tet T, v--U he
I su bqoocP of U

-) Lof T-: V .'r/ , ho (), line._^r *rarr-efl rrnohon
B" Ae€n R-- =-T(v)-fr|v)/ueY4

I -t-rvr = i, eulu-fr'Jr vet/ l
I

sinrp -Tror 
=' Q

',I-(o) e R* .c tJ
I

I

Rr is non -enp*y sqbsef of U 
- 

O
I

e- *uto sca./ars o,nd le* Tcxt, Tc!.1 € Rr
t

I cohere- x: I e V

i .: d,:Tczcl r p'Ttf ) = T(qx) tILftl
---T Cxac +By ) e R-

o(Tc{)+PTcy) e R7' fora-0,( scqJqrs q,Ft
&V Tcx),Tcy) efu 

-@.'. Frnrn O anrl A p-- l< .q.he.,iirne nP l)
t I

)T -If -T-.'f---rU is (1 l.-f- +hen itKpvT =fo?i{fr is
onp - +r, nn o i;) P.. = 

-T( U){ liff. T i s 6n}n
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